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WHY TEACH COMPUTATIONAL ESTIMATION?

Estimation has long been recognized as a valuable; useful skill in
many vocations and in daily life; With the growing use of calculators and
computers it is vital that people be able to judge the reasonableness of
an answer; Also there are -many instances where an estimate is all that is
required

i

to make an important decision. 'Despite the importance of
estimation it has seldom received serious attention ire curriculum
materials and teachers have had few resources available fOr supplementing
their.. own ideas. Evidence of students' performance on estimation
indicates that most students dO not have high proficiency with it, nor do
even good estimators have a strong level of confidence An their ability to
estimate.

How WERE THESE MATERIALS DEVELOPED?

- In recent years there has been a renewed interest in this topic4
including an increase in research on students' thinking on estimation
tasks and on learning specific estimation strategies.' This curriculum
development project has been built upon this growing body of research.
These materials were developed as part of a National Sciente Foundation
project to provide a teaching resource for middle grades and junior high
school. This particular set of lessons is designed to provide systematic
instruction of effective estimation strategies in Grade 7. Other sets are
available for Grades 6 and 8.

These lessons have been successfully used in schools. (A report
documenting their effectiveness is available from any of the authors.)
This _package of lessons has been field tested and reflects helpfUl
suggestions that have been provided by many teachers and StUdentS.

The extensive field testing Of these materJalS revealed that there
are many ingredients_ necessary__tO helping students become proficient
estimators. One of these_ingredients which you will want to keep in mind
as you use these materials is the development of a proper mental set for
estimation. This includes:

1. Recognition thatEstimetion is cant and useful.

2. Awareness that many situations require only an estimate.

3. Recognition that there are many ways to obtain reasonable
estimates.

Page 1

3



HOW ARE THE MATERIALS ORGANIZED?

Fifteen lessons have been written for ea .f. h grade. Each lesson ha
the collowing components:

1. Objectives The objective(:) for each lesson is stated at
the top of the first page of teacher notes.

2. Teacher Background This section discusses the strategies
taught in the lesson in detail. SometimeS it also provides
some additional background notes to help teachers better
understand the approaches used.

Teaching_ the Lesson. Brief _suggestions for teaching the
lesson are provided. The maj& pOntiOn Of each lesson is
developed through overhead transparencies. You will need
to make the transparencies from.the paper copies provided
in these materials. The transparencies often provide
real-world settings requiring estimation; They also
present key steps highlighting each strategy along with
examples for__students, to try under your direction. We
think_ you will find the transparencies very useful in your
teaching. They highlight the main ideas and focus
students' attention on the key steps;

4. Using the Exercises Brief comments and suggestions for
using th7F-assignment sheets are given.

5. Student Assignment Sheets A two-page worksheet is provided
for each lesspn. Each worksheet also provides some
real-world applications of estimation. These should be
started in class and completed as homework. As time
permits; discussion of selected exercises the following day
will promote estimation thinking and awareness of the many
ways of obtaining a reasonable estimate.

WHAT ARE THE LESSONS?

The lesson titles for the seventh grade materials are given here.
In most cases the titles are descriptive; however please, refer to the
Specific lessons for a more comprehensive explanation of the topic.

0
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GRADE 7

TABLE OF CONTENTS

LeSSon 1: Front-End Addit;on and Subtraction tstimaon

Lesson Compatible Numbers: Sum8 Close "Nice" Dollar Amounts
Adjusting Front-End Estimates

esson 3: Estimate Sums Using Clusterng Strategy
Estimate Sums and Differences of Larger Numbers

Lesson 4: Multiplication Estimation: RoUnding, Use Of 10, 106, 1000

Lesson 5: Multiplication Estimation: Strategies for "Getting Closer"

Leeson : Division Estimation One Digit Divisors: Size of Quotient;
COMpatible Numbers

Lesson 7: Division Estimation Two-Digit Divisors: Compatible Numbers,
Rounding Divisors

Leeson 8: Estimate Fractional Parts: Compatible Number::

Lesson
. identify Fractions Close to 0, aiici 1

Estimate Sums ofFractions

Lesson 10: Estimate Sums and Differences of Mixed Numbers

Lesson 11: Estimate Products and Quotients of Mixed NUMbers

Lesson 12: Estimate Sums and' Differences of Decimals

Lesson 13: Estimate Products and Quotients Of DeeiMalS

Lesson 14: Estimate Percent of a Number Using 1%; 16%; and 100%

Lesson 15: Estimate Percent of a Number Usin g mhonCO Fractions
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USING TI-IF MATERIALS

The process of developing _student' Lit4in competency is a long
One. As they have repeated contacts with _3I---ating and as they develop
competence specific techniques obtaining an estimate,. students
Will gain_ skill and confidence. -Pl h your students may not reach a
high level of competency in one yea;-; progress will be made through
systematic instruction.

You have an important role to play in developing students' ability to
estimate. Initially many students may show resistenCe tOWard estimating:
Other students will welcome the opportunity to thar Self=deVelOped
estimation strategies. Through discussion cif_ thinking strategies with
students and the encouragement of students' staring their own thinking for
a problem, you can help them gain new appreciation for the estimation
process.

We_ think__ these lessons emphasize the important components of
estimation _Skill and will be most interested in learning about your
ekperiente in using them. Good luck to you!
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NSF ESTIMATION
GRADE 7 = LESSON 1

OBJECTIVES: To create an awareness and appreciation for the usefulness of
estimation.

To introduce_the front-end strategy -for addition and subtraction
with informal adjusting of the initial estimate.

TEACEER BACKGROUND:

The lesson introduces the nature and usefulness of estimation and_presents
the frontend strategy as one effective way to estimate; In the lesson and
throughout the program; students should recognize and accept that:

estimation is important;

- only an estimate is often required;

- there are many ways of obtaining an appropriate estimate;

- any estimate withina reasonable range is acceptable;

- estimation should he dnne quickly and mentally; and produce reasonable
answers;

r.

Students need to gain, confidence in their ability to estimate and become
flexible in their estimation thinking; To attain these goals, it is impor-
tant to engage them in discussion and listen to how they think;

This is the first of two lessons on front-end estimation in addition and
subtraction; In this lesson the emphasis is on letting an initial or
ballpark estimate by finding the sum or difference of the front (or lead)
digits any then informally adjusting the estimate. In the next lesson
students are shown more precise ways of adjusting estimates. This two-
stage deTE-,opment should help students feel comfortable with estimating
h-:.s way nd develop confidence in their ability to estimate.

Frnnt-Fnd Addition Fttimatinn

FRONT-END estimation begins by
finding the sum of the front (or
lead) digits; At the right this
sum is $9, which is an initial
estimate;

$2.73
4.21

+3-47

FRONT-END SUM: $2 + $4 + $9

INITIAL ESTIMATE: $9 or $9+

7-1-1



The total of cents is more
than $1.00i so the initial estimate
is ADJUSTED Upward. It is possible
to be more precise at this point
which is the emphasis of Lesson 2.

$2.)3
4.21

+3.47

ADJUSTED ESTIMATE: $10, $10+ over $10

Front-End Subtraction Estimation

Again, one begins with the front
digits; The difference_of the
thousands is_4,_SO the initial
estimate is 4000; FRONT=END

6382
= 2546

DIFFERENCE: 6000 - 2000 --. 4000

Now the rest of the number is
examined to adjust the estimate; 4382
In Lesson t students write 4000- - 4546

to adjust;

382 is less than 546,_so the
answer is less_than_4000.

ESTIMATE: 4000-

Note: 4000 is an overestimate since the
answer to 6382-2546 is less than
the estimate; To show that the
answer is less than the estimate
a - sign is written after the
estimate;

In the addition example (page 1),
$10 is an underestimate since the
answer is greater than the estimate;
This is shown by the + sign written
after the estimate;

Horizontal Form

Students aften make miStakes when
examples are written horizontally
by adding the lead digit of each
number, regardless of its place

When exercises are written
horizontally students must make sure
that the lead _digits they use have
the same place value;

8

57 246 832
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TEACHING THE LESSON:

GET YOUR MIND IN GEAR

Each lesson begins with a transparency that is designed to help Studeritt
thirk_about,the nature and process of estimation. TR #1 provides an intro-

duction to the program.

Before showing the transparency; ask students to tell What they think eSti=
maLifih is and to give words that are used when estimating. Some words are:

about almost !about

around close to _a little more (less) than

approximately over under;

Use the_tbp half of TR #1 to present and discuss some characteristics of
estimation. Then have studehts discuss the situations at the bottom of the

transparency. Have StUdentS think of other situations where they use

estimation.

ANSWERS: 1. The calculator answer is not sensible; 97 x 1 equals
97; so the product is a little over 97.

2. YOU can not buy 3 rolls of film. 3 x $2 equals $6' and

the cents are over $.50. The 3 rolls will cost more
than

3. The car aVerages less than 30 miles per allon. If the

car got 3C miles per gallon; on 11 galloris it would go

330_MileS. Also; when 300 is divided hj 11 the quotient
is in the 20S.

FRONT-END ESTIMATION

TR #2: Tell StUdehtS that they are going to learn a way to estimate that
may be new for them._ PreSent the top half of the transparency an4/

discuss the FRONT=END_Stre-egy. Emphasize that estimation begins

by using the lead digits. Ne)re the "getting closer" process is

handled inf,rmallY. It i acceptablc, if students P_jjust more pre-

cisely; but it 'is not necessary.

Discuss the TRY THESE exercis with students.

ANSWERS: 1. $5; $6.00+

2. $13; $14.00+

3. $16; $17.00-

TR #3: Discuss:the problt-n situation at the top and the FRONT-END strategy
for subtraction. Pbiht OUt_that the "- sign after $4000 means

that the arswer is under $4000.

Discuss the firFt row Of TRY THESE exercises With students. Then

have them pry the second row independently before discussing them;

7-1-3
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ANSWERS: 1. under 8000 (5000-1

2. under 400 (4bb=)

3. over 8000 (80OO+)

4. under 300 (300-)

5. Linder 4000 (4000-)

6. over 600 (60O-T.)

TR #4: Carefully discuss the two examples at the top of the transparency.

Since students often make errors when examples are written horizon-

tally; stress that the front-digits used must haVe the same place

value.

ANSWERS:

USING THE EXERCISES

, 10,000;

2. 600;

3. 300;

4. 800;

10,000+ or 11;000-

-R N+ or 800+

400+ or 500+

800+ or 900-

With the lesson development as a background, students should be ready for

independent work; You might db one' example of each type -with them so they

will know what is expected. Emphasize that they do not need to find exact

ans' 'ers and encourage them to estimate.

Suggested answers are giVen belOW. Be flexible in evaluating students'

work and accept alternate answers if they seem plausible;

ANSWERS:

1. 900; 900+ or 1000 2. $15.00; $15.00+

3. 17,000; 18,000 or 19,000 4. $170.00; $180.00

5. 1500+ 6. 24,000k

7. 1700+ 8. 1900k

9. 4000k 10. 300- 11. 5000+

12. 500- 13. 2000-

14. 3000+ 15. 13,000+ 16. '000-

17. 4000+ 18. 50,000 or 57,000-1-

19. 3652 & b257 20. $0.19

21. 107 & 959 22. 1;877

23, 40,000k to 50,000- 24. 800+ to 900-

25. $70+ to $80- 26. $8.00+ to $9.00-

27. 20,000+ to 23,000- 28. 100-

29. 2000+ 30. 50,000- 7-1-4
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YOUR MIND IN GEAR

stima tion is:
Quick: flSTER THAN PAPER AND PENCIL.

FASTER THAN PUNCHING CALCULATOR NUMBERS.

Reasonab THE ESTIMATE IS "CLOSE ENOUGH" FOR WHAT

YOU NEED TO DO,

Done in your head: YOU WORK WITH NUMBERS KW CAN MANAGE;

Useful:

IS THE RESULT SENSIBLE?

1. 0 2 X 9T. 3

YOU HAVE $6 . 5 0

CAN YOU BUY THESE?

DID THE CAR AVERAGE MORE OR LESS

THAN 30 MILES PER GALLON?

0 0 000 miles 0,7:2)

---;...t--------, p.

,

11

Film s

La
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$2.73
4.21
3.47

Try these!

3.29

FRONT=END ESTIMATION

Front-End Su

ADD THE

F RONT-= END

I
2.73
4.2

+ 3.47

Eront-End Sum

00

[Getting (.7loser1

P. LOOK AT THE

REST

Estimate:

Getting Closer
IS IT OVER ANOTHER DOLLAR?

$ 6 . OO OR $ 6 00 -?

0 0 $14.00+

.00

CR

OR

$14.00-'.;

$ 1 7 0 -?0 0

1.2

-=-TR 2



FRONT -ENO SUBTRACTION

ESTIMATE THE DIFFERENCE IN

COST FROM 1960 TO 1980.

1980

rorAt s&i8z

TRY THESE

6 2 8 3

1 5 2 6

1960

s,2s

FRONT=END COMPARE FINAL

DIFFERENCE THE RES" ESTIMATE

than 546

8 3 7

////// ///// / / / ///
e 5000 400 8000

OR 5000 :':-. QR 1400 OR 8000:::3

UNDER
OR

4000
AC0072

9 2 8 6

1 1 6 2

4 5 8 9 2 7 6 8 7 3

1 6 7 5 6 7 2 1 3 8

300

QR

/4000 600

Q3 4000- OR

7=11=TR3
13



HOFIZONTAL FORM

Be sure the "front-ends" you us
have the same place value.

0
O

C

is in +tit
1 e

0
O

FRONT-END SUM:

GETTING CLOSER: 9 0

TRY THESE:

8 6

82

3 9

4 2

OR 9 0

4 2 + 2 3 4 7

4 2 6 +-296

8 + 75 + 86

8 1 0 9 f 3 1 7

2

FRONT-END SUM:

0 ÷? GETTING CLOSER: 1 1. 0+1?

0 -"? OR I 1 0 0 ?

Front-end
Estimate Getting Closer

7=1=.TR4



Estimate using the front-end strategy.

1; 427 Front-end sum:
129
431
4-15 AdjUSted

EstiMate:

3. 3256 Front-end Sum:
4126
9982
1232 Adjusted

Estimate:

Circle the closest estimate:

Name

Front-end Sum:

Adjusted
Estimate:

4.29]

Front-end Sum:

Adjusted
Estimate:

5.

7.

364

829
+345

1400

1500-

1500+

1600+

1700

1700
-T-

6

8.

9063
8112
1223

+6062

24,000-

24,000+

25,000+

1800+

1900+

2000+

264
264
374
+___

961
844
+112

Estimate usirg the front-end strategy. Use + or - to adjust.

9. 8621 10. 627 11. 7391

-4119_ -389 -2016

? ? ?

_
Estimate: Estimate: Estimate:

12. 621=156

Estimate:

13; 3,196 - 1,984

Estimate:

15
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Estimate the difference in size for each pair;

Earth 7,927 mi

Mars 4;219 mi

Jupiter 88,700 mi

Saturn 75;100 mi

ut-ahut 29,300 mi

Neptune 31;200 mi

PlUtb 3,700 mi

Name

14. Earth and Mars

15; Jupiter and Saturn

16. Uranus and Neptune

17. PlUtb and Earth

18: Jupiter and Neptune

If you were to estimate the following totals; which numbers could you
ignore and still make a good estimate? Make a check by those numbers.

19. 3,652 20

44,867
108,396
+ 1,257
///////

$4.67
3.82
0.19

+ 1.45

21. 3,20C
107
959

+ 6,708

22. 24,062

1,877
+ 9,002

/////

//// /////

Write an estimate for each.

23. 14,682 + 2,146 + 28,677
24; 397 + 426 + 28

Estimate: EstiMate:

25. $14.56 + $63.79 $1,25 26; $.89 + $6.79 + $1.23

Estimate: Estimate:

44;127 - 21;362 28. 387 = 293

Estimate: Estimate:

29: 4;698 - 2;677 30; 81,928 - 35;679

Estimate: Estimate:

16
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NSF ESTIMATION
GRADE 7 - LESSON 2

OBJECTIVES_: 'To estimate by grouping numbers whose sum is close to $1.00.

To adjust front-end estimat es for addition and subtraction;

Estimation is a flexible process in which the approach used often depends
on the numbers and situation; It cannot be reduced to d sinnle step-by-
step process; You can expect tnat many students will initially feel uncom-
fortable with estimation. However; as they gain more experience with vari-
ous approaches and have the opportunity to discus: the work; they will
become more comfortable.

The major focus of the lesson is adjusting the front-end sum in order to
get a more precise estimate. Three approaches for adjusting the front-end
sum in addition are presented.

1. Group to make nice numbers;

In the example at the right. The cents
are grouped to make dollars. This =

amount is added to- the front-end sum
to get the estimate._

. Add the digits in the second column.

3.78--
04'

FRONT-END SUM: $8.00

ADJUST UP: $2.00+

ESTIMATE: $10.00+

In the example, the sun of the hundreds 3

digits is found. This is a very useful J.

approach that can always be used. But + 4
other ways of adjusting should also be
explored.

3. Group_ the digits_ in the second column
to make nice numbers with which to
work.

This approach, illustrated at the
right; is useful when there are
several addends.

17

7 Putrared

FRONTEND SUM:

ADJUST UP:

ESTIMATE:

8000

700

8700

FRONT-END SUM: 26,000

ADJUST UP: 3,000

ESTIMATE: 29,000

7-2-1



Additional Notes:

1. The emphasit of the lesson is,getting closer through adjusting the
front-end sum. However, avoid pressing for estimates that are too
precise and recognize that there will 'be a wide range -of individual
differences in ability to refine initial estimates. Altb, the use
of "+" or "-" to indicate an underestimate or overestimate is not
essential in this lesson.

2. Work with grouping strategies and the use of nice numbers can be
- extended. The two examples below show ways of going fUrther with
-these ideas;

a; In the example shown, two
amounts whose sum is close
to $1.00 are found; Then
this is adjusted upward
with the thi.d addend. Any
estimate between $1.20 and
$1.30 is good;

b. Grouping numbers to liTice
dollaramounts_is_anexten-
sion of grouping_cents to
dollars. One looks at the
numbers and groups them to
whole dollar amounts that
are easy to w9rk with.

$.38 and $.64 are
about $1.00

b. $.23 more makes -it
about $1.20 to $1.25

$4.98

7;95
About-iilAbout $20

1.49

1-598

ESTIMATE: $30.00

Students are also shown how to get closer in subtraction in the letteh.
Fer many students this will be a natural extension of the initial work in

subtraction estimation. However, do not require that all students do it in

the future work.

In the example at the right, the
initial estimate is adjusted by
looking at the hundreds digits.
To adjust,the student thinks:
13 hundred - 5 hundred =
800. So the estimate is 5800.

TEACHING THE LESSON:

GET YOUR MIND IN GEAR

7 3 8 2
- 1 5 7 9

INITIAL ESTIMATE: 6000-

ADJUSTED ESTIMATE: 5800

TR #1 addresses the theme of a rough initial estimate (close enough) versus

the need to refine the initial estimate (getting closer). Students need to
recognize when "eyeballing" is enough and when they need to get closer.

Have students begin each time by finding the sum of the dollars; Encourage

them to discuss their thinking.

7-2=2
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ANSWERS: Top Left: Not enough - tell at a glance (eyeball)

Top Right: Enough - tell at a glance (eyeball)

Bottom Left: Not enough - need to get closer (refine)

Bottom Right: Enough - tell at a glnce (eyeball)

ADJUSTING. IN ADDITION ESTIMATION

TR #2: Present the situation at the top of TR #2. Then present and diS-

TR #3: cuss the three ways of adjusting on TR #2 and TR #3; Discuss each

of the TRY THESE exercises with students;

ANSWERS: $2.00 $2.80 - $3.00 $2.00+ - $2.E)

8700 - 9000 105,000 - 106,000 11,700 - 12,000+

ADJUSTING IN SUBTRACTION ESTIMATION

TR #4: Present the problem and discuss the adjusting step. Since renaming

is required the difference is less than 1000. 12 hundred - 4 hun-

dred = 800, so a good estimate is 800.

ANSWERS: 5800 430 2200 160

USING THE EXERCISES:

with the class; You may wish to do the first
with students;

2; 28 and 73 3. 78 and 23

5. 13 and 85' 6. 59 and 39

Read -each set of directions
one in each set orally

ANSWERS:

1. 34 and 65

4. 57 and 44

7. $1.60 = $2.00 8. $2;00+ $2.20 9. $1;00+ - $1.20

10. $25.40 = $26.00 11. $39.00 - $41.00 12. $18.00- $18;50

13. $7.00 = $7.30 14. $6.80 $7.00 15. $4;80 - $5.00

16. 23,000 = 24,000 17. $220.00 - $230.00 18. 2,400,00 -
2,5:10,000

19. 81,000 .= 84,000 20. 10,000 - 10;500

21. No, because the front-end sum is $20.00

22. YOS

23. YOSk the total is probably a little less than $5.00

YOS

7-2=3
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OUR MIND IN GEAR

DECIDE:

EYEBALL: Can you teIC
OR

REFINE:

only
ci nceci "e4eact_ii a ti

ds-itirnate
"feed

r=c; eSti 61caf

if you have enough in a gtanzc,,--?

Do you need to get a little bit closer?

20
7 -2 -TR 1



GETTING CLOSER IN ADDITION

Often you need to get closer when estimating.
You need to adjust the initial estimate.

Group to make nice numbers.

$ 4.3 6

3.78

1.5 9

4- .6 7>

Front-End Sum: tg.00
Adjust Up: $ 2. 00.
Estimate:

Front-End Sum:
Adjust Up:
Estimate:

2. Add the digits in the second column.

Front-End Sum: 21.,,Q00
Adjust Up: 700
Estimate:

7=2-TR2



3. Group the digits in the second column
to make NICE NUMBERS.

TRY THESE: Group

ESTIMATE:

ESTIMATE:

$ 12
. 6 3

8 5

+ . 3.9

/////////

cents

Front-End Sum: 26,000
Adjust Up: 3;000
Estimate:

to make dollars.

$ . 3 9

. 7 9

62
1.2

+ . 9 ".
/////////

Think_ how you can adjust up.

4 2 6 3

3 4 1 8

+ 1 1 9 2

/////////7/

24,367
+ 81,408
//////////////

8

.57

.42
18

. 3 1

3 4 6 7

2 9 8 2

1 5 5 6

2 2 6 8

+ 1 7 9 2

///////////

7=2=TR3



GETTING CLOSER I SUBTRACTION

SOMETIMES IT'S GOOD TO aa CLOSER,

///////

TRY THESE:

7 3 8 2

1 5 7 9

///////

MICKEY MANTLE AND HANK AARON WERE

FAMOUS BASEBALL PLAYERS, ABOUT HOW'

MANY MORE GAMES DID HANK AARON PLAY?

298 IS LESS THAN 400,

SO YOU MUST RENAME TO

SUBTRACT HUNDREDS,

PLAYER GAMES PLAYED

AARON

MANTLE

3 2 9

240

8

1

6 7 1

2 4 9

Initial Estimate: /000".

Getting Closer: 800

CLOSE ENOUGH: A.,..aj11111

GETTING CLOSER:

14 1 2 7

=- 1 9 6 3

5 2 6

-.368

///// //////// /////

CLOSE ENOUGH: I/00+ 36)00 200

GETTING CLOSER:

23
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Name

Write the two numbers whose sum is closest to 100.

1. --34% 18, 05 2. 49, 28, 73

3. 78; 23; 46 4. 12; 57; 44; 32

5. 52, 13, 85 6. 11, 39, 59, 81

-Group the cents to make dollars. Write your estimate.

Estimate:

8.

Estimate:

9.

Estimate:

Estimate. Find the front-end sum, and then adjust by grouping the 'rest
to dollars:.

10. $6.15

7.98

8.11

3.29

Estimate:

13.

I el

Estimate-

1 12.$15.64

1.16

15.01

8.98

$2.99

9.64

1.99

.39

3.27

Estimate: Estimate:

Estimate: Estimate:

7 =2 =q.1



Name

Estittiate. Find the front-end sum and then adjust by using any method you

want.

16. 3,674
4,217
8,926
4,528

+ 1,808

Front-end Sum:

17: $62.18
79.14
1.95

+_82_;_29

18. 346,492
827,006
400,608
912;163

+ 11,863

Frontend Sum: Front-end Sum:

Estimate: Estimate: EstiMate:

19. 31,675 21,647 + 29,876 20. 3;684 + 6;275 + 438

Front-end Sum:

Estimate:

Front-end Sum:

Estimate:

21. Robin has $20. Can she buy a bird
and a bird cage?

22. Arlyn has $5. Can she buy 2 goldfish

1

and some fish food?

410114

411 III

23. Art has $5. Can he buy a hampster,
a goldfish, and goldfish food?

111441 1911

----------024.Ed has $25. Cari_he buy a bird, a bird
cage, a fish, and some fish food?

7-2-p.2



NSF ESTIMATION_
GRADE 7 - LESSON

OBJECTIVES: To estimate sums using the clustering strategy;

To estimate using large numbers.

TEACHER BACKGROUND:

The clustering strategy can be used when
a group of numbers centers (clusters)
about a number (average). kn the example,
the numbers cluster around 70,000, which
can be considered to be a rough average
fqr these numbers.

To estimate:

a. Select a central number that is
easy to work with:

70,000

b. Multiply the number by the total
number of values:

6 x 70,000 = 420,000

When_the clustering strategy is used it is
usually not possible to adjust the estimate.

MaricPs___Faix_Att_e_n_dalice

Mon.
Tues.
Wed.
Thurs.
Fri.
Sat.

ESTIMATE:

Estimation with larger numbers is often viewed
by students as more difficult. However,-the
same strategies can be used_as before. Students
need to be flexible and realize that being off
by a few_thousand is not very much_in relation _

to the size_of_the numbers involved. Two strategies
are particularly effective with larger numbers.

1. Grouping to make nice numbers with which
to work.

As shown in the example, numbers are grouped
to make partial sums which are easy to
compute mentally.

26

72,250
63;819
67,490
73,180
74,918
68,490

420,000

g:61
21-362
29.432

ewoo+

5-6,0o0÷

ESTIMATE: 100,000+

7=3=1



2. Using compatible numbers in subtraction.

Since 23 thousand a 23 thousand
equals 46 theiSand5 23 thOUSand is
a good estimate for the example.
In this example, students need to
think of finding a missing addend.

TEACHING THE LESSON:

GET YOUR MIND IN GEAR

47,125
= 23,685

ESTIMATE: 23,000

TR #1 addresses the theme of recognizing sensible answers, The ability to
tell whether an answer is sensible or not is an important outcome for the
study of estimation. Display each problem and have students select the
sensible amount of change. Have them tell why they selected the answer they
did.

ANSWERS: 1. $35.98 2. $.79 3. ;1'6.08 4. $4.41

THE CLUSTERING STRATEGY

Display the problem at the top of TR #2 and discuss the steps involved in
using this strategy; Help students see:

a; Why 80 was selected; (The numbers cluster around 80 and 80 is a
nice number with which to work.)

b. Why they multiply by 7; (There are 7 numbers and 80 is being used
in place of each one;)

Discuss the first two TRY THESE exercises with students. Then have them t
the next three independently before discussing them;

ANSWERS: 5 x 400 = 2000 4 x 70,000 = 280;000

6 x 40 = 240 4 x 50;000 = 200;000

ESTIMATING WITH LARGER NUMBERS

3 x 6000 = 18;000

TR #3: Present the problem at the top.and have students suggest estimates;
Then show the two approaches in the middle of TR #3; Give particu-
lar attention to the use of grouping. Then discuss the TRY THESE
exercises with students;

ANSWERS: 90000+ 140,000 - 155,000

90,000 - 20,000

y

TR #4: Present the problem at the top of TR #4 and have students suggest
estimates for_it. Then present the four approaches on TR #4, giving
particular attention to the use of nice numbers and addition; Let

studentsuse_other methods or refinements. Do the TRY THESE exer-
cises with students.

27 7-3-2



ANSWERS: 20,000 - 27,000

15,000 - 20,000

USING THE EXERCISES:

18;000 - 20,000

Page 1 centers on the use of clustering. On exercises 7 10 students just
need to indicate whethe.- the clustering strategy would be useful. Page 2

focuses on estimating with larger numbers.

ANSWERS:

1. 2000 2. 60,000 3. 100,000

4. 1500 5. 8000 6; 1,200,000 (1

7. yes 8. no 9; no

10. yes 11. 160 12; $25=00

13. $320,000 - $350,000 14. $300;000 - $350,000

15. $340,000 - $353,000 16; $260;000 - $270;000

17. $40,000,000 - $43,000,000 18; $40;000;000 - $42;000;000

19, $10,000,000- 20; 9;000;000 - 10;000;000

21. 11,000,000 - 12,000,000 22; 40;000;000 - 45;000;000

23. 130,000,000 - 135,000,000



YOUR MIND IN GEAR
RECOGNIZE SENSIBLE AMOUNTS

Why e_ 3 vin chcar..5e_

41- .a Store_ t.) n -tto osuicK-1

c'e-c-t>5 z_e_ iif mir6oun 1-- S

Se.n5001e_ 6f not

Ciraa the teni13 le amount of change;

THE BILL IS $14.02. GIVE THE CLERK $50.

.98 $36.98 $46.98

THE BILL IS $4.21. GIVE THE CLERK $5.

$ 7 9 $ . 8 9 $ 1 7 9

THE BILL IS $23.92. GIVE THE CLERK $30.

$ 1 7 0 8 .08 $6.08

THE BILL IS $,59. GIVE THE CLERK $5.

$ 3 1 $ 3 . 4 1 $ 4 4 1

7-3-TR 1



THE CLUSTERING STRATEGY

THE NUMBER OF GAMES PLAYED BY

SEVEN PROFESSIONAL BASKETBALL

PLAYERS IS SHOWN. ESTIMATE

THE TOTAL NUMBER OF GAMES THEY

PLAYED.

PLAYER GAMES

L. Bird 82
H. Catchings 77
A., Gilmore 82
M. Johnson 76
N. Nixon 79
D. Thompson 78
J. Wilkes 81

TRY THESE:

3 9 6

3 9 1

4 1 1

14 0 7

3 8 9

THE NUMBERS CLUSTER

AROUND 80.

TO ESTIMATE:

1. Find the "eluste number: 80
2; Multiply by 7: 7 x 80 560

68,673
7 1 , 5 2 6

7 0 , 2 0 1

6 9 , 2 9 1

///////////
///////

36 + 42 39 + 43 + 41 + 40

5 1 , 6 3 7 /4 7 , 8 3 2 /4 9 , 3 5 6 + 5 2 ,

6 6 3 7 + 5 9 5 2 + 5 8 4 8

30

7=3=TR2



ADDITION ESTI ATION WITH LARGER NUMBERS

Summerf est Attendance

Wednesday 32,432
Thursday 20,672
Friday 21,362
Saturday 18,106

1. Use Front -End se Grouping

3 2, 3 2
2 0 2
2 1 2 1

1 8 1 8

Front-End Sum: 80,000
Adjust Up: 11,000
Estimate:

Estimate:

TRY THESE: Use Both Front-End nd Grouping.

21,367
82; 1467

1 1 , 9 2 8

3 8 , 1 6 7

/ / / / / / / / / / ///

1 3 , 9 3 2
15; 0 8 6
32 1 5 7

3 1 , 2 9 2

/////////////

ESTIMATE: ESTIMATE:

7-3-TR3



SUBTRACTION ESTIMATION WITH LARGER NUMBERS

CITY POPULATION

Gatoreville
Hodgeton

37,
19

187
26_1_

About how mucch larger
is Gatorsville?

1. Front-End
4
37,187

- 19,261

2. Rounding
37,187
19,261

THERE ARE MANY WAYS TO

ESTIMATE WITH LARGE NUM-

BERS. KEEP LOOKING FOR

NICE NUMBERS TO WORK WITH

4. USO Addition
1 9, oco ? 3 7 000

3. Use Nice Numbers

17,26/ 24 060

3 7: 000 - 2o 066 = ooci

TRY THESE:

52,365
- 26,126

/9 20 = 3r-if
'11 sav c); 000 0:4

31,000
- 12,637

C)Z" fr) 0 u 9

66,324 138

7-3-TR4



Name

Estimate by using the clustering strategy.

1. 63 + 501 + 538 + 512 2. 21;392 -T- 18;678 T- 19;997

"Cluster" Number:

Multiply:

Estimate:

"Cluster" Number:

Multiply: {

Estimate:

3. 23,677
24,392
27,866

+ 26,001

4. 269
319
341
298

+ 2S8

5. 2,119
2,008
1,977

+ 2,010

6. 316,927
290,502
276,116

+ 299,308

Estimate: :Estimate: Estimate:

Would the clustering strategy be agood strategy to use here?

7. 1,256 + 986 + 1,096 + 1,119

8. 132 + 12,467 + 3,821 + 24,368

9. 89 + 867 + 376 + 4,343

10. 5,398 4,988 4;672 4- 4,756

11. Jack read_a book for English
class in 4 days. _He read 42
pages on Monday; 38 pages on
Tuesday, 45 pages on Wednesday,
and 36 pages on Friday, About_
how many -pages are in the book?

yes

yes

yes

yes

no

no

no

no

Estimate:

12. Carlysle has a job after school.
He. made_$5.29 on Monday, $4.75
on Tuesday, $4.95 on Wednesday,
$5.20 on Thursday, and $4.85 on
Friday. About how much did he
make that week?

wm,
7-3-p.1



Name

Here are the prices of homes that a few realtors sold during
July. Estimate the total sales for the month for each realtor.

13. Elaine _Rodgers 14:

$159;630
$ 78,450
$108,700

Estimate:

Miimialtoigiel_ 15. Jerry-Munoz 16. Allen Vargas

$ 67;650 $215;500 $92;600
$ 89;500 $135,650 $84;250
$115;082 $89;627
$ 72,632

Estimate: Estimate: Estimate:

The amount of money made on some movies is shown; Find the difference between
the given pairs of movies;

Jaws $118;727;000

The Sting $ 72,160,000

The Godfather $ 82,015,000

Gone With the Wind $ 76;700,000

M*A*S*H $ 40,850,000

20. The Mexico City area has a popu-
lation of 31,616;000; while the
New York area has a population of
22,212,000. About how many more
people live in the Mexico City
area than the New York area?

22: In 1974; The United States_had
14;123;000 tourists. In 1975; there
were 13;986;000 and in 1976, there
were 14;426;000; About how many
tourists visited the U.S. in
those 3 years?

17. Jaws and Gone With the Wind

18. M*A*S*H 2nd The Godfather

19. The Sting and The Godfather

21: The United Nations projects -that
in the year 2000, there will be
19;663;000 people living in
Calcutta. There were 8,077,000
in 1975._ By about how much_is
the population expected to increase
over those 25 years?

23. In Australia there are 145,:04,000
sheep and 13,339,000 people. About
how many more sheep are there thal
people?

7-3-p.2



NSF ESTIMATION
GRADE 7 - LESSON 4

OBJFCILVES To estimate products using the rounding strategy;

To estimate products by rounding one factor to 10; 100 or 1000.

To ind'cate whether an estimate is an overestimate or
underestimate;

TEACHER_BACKGRGUNa:

4 x 2876When one or both factors have at least
two digits it is quip!: and effidient
to use rounding to etimate. ESTIMATE: 4 x 3000 = 12,000

Some students will profit from a brief
review of rounding numbers to the lead
digit before the lesson.

71 x 238

ESTIMATE: 70 x 200 = 14,000

A variation occurs when one factor,
is close to 10, 100, or 1000. Here
just one factor is rounded and the
other factor is multiplied by 10,

645 x 94

ESTIMATE: 645 x 100 = 64,500
100 or 1000. This strategy produces
a closer estimate than rounding.
both factors.

As shown in the above examples, students need to be competent with some
basic mental computation skills ( 6 x 4000, 70 x 200, 645 x 100). Many
students have not_had much experience with them and the skills may need
additional attention. Thus, you may need_to spend additional time on these
prerequisites. The_approach shown below is useful when multiplying by mul-
tiples of ten, one hundred and one thousand.

40 X 600

1. Multiply the lead digits

2. Write as many zeros as
there are in both factors.

0 0 2 4

4-0- 6 0---r-0 = 24,0F30-
17

The lesson encourages students to compare estimates to actual answers by
indicating whether_the estimate is an overestimate or underestimate. The
emphasis on adjusting estimates needs to be an ongoing part of the program.
Examples of adjusting are shown below:-

a. 4 x 2876 ESTIMATE: 12,000- Since_2876 is rounded up,
12,000 is_an overestimate
and 4 x 2876 is less than
12,000; To show this, a "-"
sign is written after the
estimate.

7=4=1



b. 28 x 56 ESTIMATE: 1800-

c; 62 x 23 ESTIMATE: 1200+

d; 62 x 78 ESTIMATE: 4800

TEACHING THE LE_SON:

GET YOUR MIND IN GEAR

Since_both factors are- rounded-
up, 1800 is -an overestimate and
28 x 56 is less than the
estimate.

Since both factors are rounded
down; 1200 is an underestimate
-and 62 x 23 is greeter than_ the
estimate;

One factor is rounded up and one
factor is rounded down.; When
this occurs; there is no general
rule that can be used to adjust
the estimate;

TR #1 stresses decision-making and flexibility in estimation; Students
need to examine an example before they start estimating to find the ap-
proach that is quick and appropriate for that situation; Present the four
strategies shown on TR #1 and ask students to look at each example and
first decide what strategy works best; Discuss the various suggestions and
estimates that they give.

ANSWERS: It is often difficult to state which approach is "best" for an
example. Probable choices for the exercises are given;

Rounding Front-End Grouping
Front-End

Clustering Front-End Front-End
Rounding Rounding

MULTIPLICATION ESTIMATION AND ADJUSTING

TR #2: Begin 5y reviewing the mental computation skills discussed in the
previous section. Have students quickly give answers for the fol-
lowing exercises:

5 x 70

30 X 80

47 x 100

6 X 800

700 x 20

7 x 8000

900 x 300

83 x 1000 10 x 645

6 x 500

50 x 400

286 x 100

Present -the two examples on TR #2 and discuss the procedure for
estimating -using rounding. Do the TRY THESE exercises with stu-
dents. Write the rounded numbers in the bubbles so that students
can see the numbers they are multiplying.

ANSWERS: 5600 24,000

18,000 24;000

36

1300

80;000

7-4-2



TR #3: Present and discuss the four examples of adjusting estimate... Point
out that it is useful to know whether the answer is more or less

than the estimate; Do the TRY THESE exercises with students.

ANSWERS: 1800+ 15,000 12,000- 1600- 4200-

TR :
Develop the use of using 10; 100 or 1000 in place of_a factor that

is close to one of those numbers. Have students tell why the esti-

mate is written as 3400-; (100 x 34 is greater than 92 x 34. So,

3400 is an overestimate and the answer to 34 x 92 is less than 3400.)

Then compare rounding both factors to rounding one factor to soow

how the latter often produces a closer estimate;

92 x 34 = 3128 ESTIMATE 1: 90 x 30 = 2700

ESTIMATE 2: 100 x 34 = 3400

You might also point out the greater ease of using 10, 100 or 1000.

ANSWERS: 6700- 4700+ 46,000-

2460+ 38,100- 641;000+

$360+ $1400- $120-

USING THE EXERCISES:

The exercises, which begin with a review of the mental computation skills,

are a straightforward application of the strategies taught in the lesson.;

You might look at the directions for #23 - 26 and do the first one orally

with students.

ANSWERS:

1. 32,000 2. 3600 3. 1800

4. 3600 5. 4000 6. 140,000

7. 2100 8. 35,000 9. 540,000

10. 6800 11. 3470 12. 64,000

13. 6 x 400 14. 50 x 30 15. 50 x 80

16. 80 x 300 17. 3500 18. 1400

19. 3500 20. 4000 21. 24,000

22. 540;000 23. 1500- 24. 2100+

25- (?) 26. 12,000+ 27. 460-

28. 39,400- 29. 420+ 30. 6800+

31. 68,000- 32. 291,000+ 33. $20.00-

34. $20;000 35. $8100+ 36. $200

37. $590 - $620 38. $2000- or $1600 37 7-4-3



OUR MIND IN GEAR

LOOK BEFORE YOU LEAP

trt care. I atE ways ±0
n a 300a ES-t1 r s

Stop anci -t-hinK
5+0.e t. whiLfl

woota Qse_ and( t.

ft

$98;95
9 a 50

29°75

$3 . 55
$2;90
$3 . 0.8

$3 a 19
$2E 40
$2.99

392
1417

84
3198

pictig
1'18

°

1

697;
299
392

. + 189

TOTAL:

14467

2698

4.=TR1



USING ROUNDING IN MULTIPLICATION ESTIMATION

MS. LEONARD MADE 2

ROUND TRIPS. ABOUT

HOW MANY MILES DID

SHE FLY?

4 x 2876

Round One Factor.

4 x 1576

2. Multiply

4

About 12;000 miles.

TRY THESE:

BILL EARNS $275 EACH

WEEK. ABOUT HOW MUCH

IS THAT A YEAR?

52 x $275
1. Round Both Factors.

52 is closer to 50

275 is closer to 300

2. Multiply.

52 z $ 2
About $15,000 per year.

6 X 58v 4 2 8 7 X 6

88 X 23°

4 2 3 X 2 2 7

7-4-TR2



6 it 427
4

x 56

62 x 23
41P

42 790

ADJUSTING ESTIMATES

Adjusted
Estimate

Ketre. you. re31.119

3 ©0©

TRY THESE: Choose the best estimate.

92 X 21 1 8 0 0+ 1 8 0 0

48 X 3 2 7 1 5 , 000+ 1 5 0 0 0-
3 7 1 X 28 1 2 , 0 0 0+ 2 0 0 0

78 X 19 1 6 0 0+ 1 6 0 0-

5 8 9 X 7 4 2 0 0+ 4 2 0 0-

40

2400+

1800

1200+

32,000

1 8 0 0

15,000
12, 0 0 0
1600
4 2 0 0

7 -4 -TR3



100, & 1000

ESTIMATION SHORTCUT!

WHEN ONE FACTOR IS CLOSE TO

10, 100, OR 1000, JUST CHANGE

THAT FACTOR AND MULTIPLY.

IT'S ALSO EASY TO SHOW IF THE

ESTIMATE IS AN OVERESTIMATE

OR AN UNDERESTIMATE.

TRY THESE: Estimate and adjust.

67 X 98

11 X 2 4 6

$ 1 0 2 9 X 3 6 14

47 X

3 8 1

92 x 34

'Ns/oo )
92 x 34

EstLmet.e: 3400 lbs.

92 imas rounced tip.

So 3400 is an
overestimate.

3400lbs.

1 0 5 9 8 8 X 46

X 9E 1 0 3 7 X 6 4 1

4 12 X $ 9.; 6 2

7=4=TR4



Use mental computation to find the products;

1. 8 x 4000 2 60 x 60

4. 40 x 90 5. 80 x 50

Name

3. 300 x 6

7 x 20;000

7. 30 x 70 8; 50 x 700 9. 600 x 900

10. 68 x 100 11; 347 x 10 12. 1000 x 64

Circle the one you would use to estimate by rounding.

1 x 395 6 x 300 6 400 6 x 500 6 x 600

14. 40 x 30 '40 40 50 x 30 50 x 4049x32

15. 50 k 80 50 90 60 x 80 60 k 90
[..53 x 81

16. 70 x 200 70 x 300 80 X.200 .80 x 300
77 x 286

Round one faCtOr Or bOth factors. Write the rounded numbers in the bubbles;

Then multiply to get the estimate.

17. 48.x 72 Est;

19. 684 x 5 Est;

21. 34 x 792 Est.

18. 7 x 242 Est.

20 49 x 83 Est;

22. 646 x 893 Est.

42

74= p.1



Name

Estimate. Then decide how your estimate should be adjusted;

23. 49 x 28

25. 73 x 47

24. 328 x 7

26. 209 x 62

Use 10; 100 or 1000 help YOU estimate quickly; Write + or - o adjUtt

your estimate.

27; 9 x 46

29; 42 x 11

31; 68 X 981

Estimate.

33. Juan earns $3.75 per hour.
He worked 5 hours on Saturday.
About how much did he earn?

Estimate:

35. Caroline earns $927 per month;
She works 9 months per year;
How much does she make per year?

Estimate:

37 Neri makes $269 -per week_on
one job and $338 per -week on
another job. About how much
does he make pe: week?

Estimate:

28. 394 x 92

30 68 x 104

32. 1068 x 291

34. Mr. Hurd earns $382 per week.
About how much does he earn in
a 52 week year?

Estimate:

36; La Verne earns_$4.95_per hbUr.
She worked 42 hours laSt week.
About how much did she make?

Estimate:

38. Fred was offered two jobs. One
paid $27,350 per year and the other
paid $25,765. What was the difference
in salary for the two jobs?

Estimate:

7 -4 -p.2



NSF ESTIMATION
GRADE 7 - LESSON 5

OBJECTIVES: To make closer estimates with two-digit factors;

To use front-end estimation to estimate products;

TEACHER BACKGROUND:

In this lesson students learn a variety of strategies for getting closer
estimates when both factors have two or more digits. These strategies are
a supplement _to the rounding strategy gy presented in Lesson 4 and are useful
for many students in some situations. Students need to be aware of the
many options available when estimating and be able to use them when they
are needed. Three strategies are presented:

1. Round one factor.

In the example 31 is rounded to
30 and the product (30 x 82) is
computed in horizontal form.
3_x 82 is easy to compute and
30 x 82 is ten_times as great.
This approach is most useful
when the product is easy to
compute mentally.

2. MUltiply by 25 and 50 mentally.

When one factor is close to 25 or
50; it is rounded to 25 or_50 and
the product is computed using a
mental shortcut. While not all
students will make _this part of
their repertoire of strategies.
Some will find it interesting and
useful_i

26 x 88

TO find 25 x 88 think:

a. 100 x 88 = 8800

b. 25 is 1-fourth of 100.

c. 1/4 of 8800 = 2200

d. So, 25 x 88 = 2200

31 x 82

3 x 82 = 246

so 30 x 82 = 2460

ESTIMATE: 2460

49 x 88

To find 50 x 88, think:

a. 100 x 88 a 8800

b. 50 is 1-half of 100.

c. 1/2 of 8800 = 4400.

d. So, 50 x 88 = 4400

ESTIMATE: 2200 ESTIMATE: 4400

44 7=5=1



3. Round Up and Down

When both factors are close to the
middle of the range, a more precise
estimate is obtained by rounding one
factor up and the other factor down.

Both estimates are closer estimates
than occurs when both factors are
rounded to the nearest ten (40 x 70
= 2800)

Students should feel comfortable
with this approach and shoulr' be
encouraged to see if it can be
applied in exercises;

The lesson also presents a FRONT-END approach
to multiplication estimation when one factor
is less than 10. The conventional algorithm
starts at the "back-end" of the problem and
works to the front, as shown below.

35 x 66

ESTIMATE: 2100

OR

35 x 66

ESTIMATE: 2400

Q649

a. 4 x 600 = 2400

3 1 3 4 x 649
6 4 9 6 4 9

x 4 x 4 b. 4 x 50 = 200

6 2 5 9 6 ESTIMATE: 2400 + 200 = 2600

In FRONT=END estimation, multiplying starts
at the front end as shown in the example.
2400 is an estimate for 4 x 649. It is a
lower bound. That is, the produft is at
least 2400.

In the second-step the intital estimate
is adjusted up to get a closer estimate.
Since 49 is close to 50 and 4 x_50 is easy
to computei_ 49 is rounded to 50. The two
parts are then combined to_get the final
estimate. This is a useful approach for
many examples, particularly ones involving
money.

In presenting the lesson, remind students that they have learned acceptable
ways to estimate products. The purpose_of this lesson is to examine_ways
Of getting closer when_it seems appropriate and_easy to_do so. In future
work, students should be allowed to use the basic rounding strategy.



TEACHING THE LESSON:

GET YOUR MIND IN GEAR

The focus of TR #1 is sensible answers; One long term value of work on
escimation should be greater sensitivity to answers that are not reasonable
di sentible. Discuss each exercise with students; In the exercises at the
bottom; you may want to have students look up information to determine
reasonable answers for some of the problems;

ANSWERS: TOP: $6500 70,000

BOTTOM: Answers will vary.

GETTING CLOSER IN MULTIPLICATION

TR #2:
TR #3:

425 lbs

Present_thetophalfofTR#2 and have students estimate by
rounding both factors to the nearest ten. Then present the three
strategies along with the TRY THESE exercises. Compare the esti=
mates obtained using the new methods with the_original ones. You
may wish to provide_additionalpractice in multiplying by 25 and
50. If so; select numbers that are easy for students to work
with.

ANSWERS: 1. 1260 2480 1680

1920 1350 1520

2. 800 32,000 9000
9.

3. 2800 3000 4200 or 4000

10,000 18,000 3600 or 4000

FRONT-END MULITIPLICATION

TR #4: Present and discuss the front-end approach at the top of the
transparency. Show the two ways of doing the Second step.
Stress that students should choose the way that seems easiest for
them.

ANSWERS: 3720 1560 (1C 9600

$24.90 ($25.20) 16,800 (37,000) $168 ($175)

_UISLIWGLTHE_EXERCISES:

Guidance is provided for students in the exercises to make the work easier
for them. You may wish -to do -page 1. with some classes. On page 2,
students should be permitted to use any valid methOd_to estimate. The
THINK IT THROUGH exercises provide a mental computation skill fbt capable
students. It can be_assigned to these stUdehtS to be dOhe independently or
discussed with the class.



ANSWERS:

1.

5.

9.

840

2100

400

2. 1890

6. 1800

10. 1200

3.

(2400) 7.

11.

960 4. 740

16,000 8. 3200 (3500)

3100 12. 1600

13. $18.60 - $19.20 14. 2880 - 2920

15. 4800 - 5200 16. 7200 - 7800

17. 3600 - 3900 18. 9600 - 10,400

19; Yes 20. $3.50 - $4.00

21. $48.00 - $51.00 22. Yes

23. 10 24. Less than $5.00

25. 9100

THINK IT THROUGH

1. $3.92 2. $2.07 3. $7.96 4. $9.75 5. $5.96

47 7-=5-=4



OUR MIND IN GEAR

WHAT'S SENSIBLE?

Choose the reasonable number:

A NEW SUBCOMPACT CAR COSTS ABUT :

$ 6 5 0 $ 6 5 0 0 $ 6 5 0 0 0

THE NUMBER OF PEOPLE ATTENDING A SUPER BOWL FOOTBALL GAME IS:

700 7 0 0 0 70,000

THE TOTAL WEIGHT OF .5 SEVENTH GRADE BOYS IS:

4 2 5 LBS. 8 5 0 LBS 1 0 0 0 LBS.

Fill in a reasonable amount:

THERE ARE ABOUT STUDENTS IN OUR SCHOOL.

IN ONE MINUTE YOU CAN DO ABOUT MULTIPLICATION FACTS.

YOU ARE IN SCHOOL ABOUT HOURS A WEEK,

THE HEIGHT OF THE CLASSROOM IS ABOUT FEET.

ABOUT PEOPLE LIVE IN OUR CITY.

7-5 -TR1



GETTING CLOSER IN MULTIPLICATION

82 per day
31 days

88 per day
26 days

66 per day
35 days

How many newspapers did each one deliver?
Use rounding to get a BALLPARK ESTIMATE.

BEN ANGIE

Sometimes you need to GET CLOSER.
Here are some ways to do it.

1. Round one tactoa.

31 x 82

TRY Ti -ESE:

DOT

ROUND ONE FACTOR, THEN MULTIPLY IN YOUR HEAD,

21 X 63

6Ci?
7 9 X 2.14

3 8 X 62

3 2 X 45
(

49

84 X 18

2 3 X 76

-w.TR2



2. Multiply by 25 and 50;

88

TRY THESE:

214 X 32 52 X 640

3. Round Up - Round Down;

TRY THESE:

45 X 65

257 X 35

27 X 360

WHEN BOTH NUMBERS ARE CLOSE

TO THE MIDDLE, ROUND ONE UP

AND ONE DOWN TO GET A CLOSER

ESTIMATE,

41'56 X65 56 X 75

67 X 2 81 86 X 46

50
7=-5=TR3



GETTING CLOSER WITH 1-DIGIT FACTORS

About how much will 4
table settings cost?

Multiply
multiply
Add:

the dollars:
the dimes:

You can GET CLIO-SF-a by
ustn Front-End Estimation.

1; -60
,23; 60 c4i

IN STEP 2, YOU COULD ROUND TO DIMES FIRST:

0
4 X $ 6 = $ 2 4

5

$ 6 4 X $ .50 = $ 2

$ 2 6

TRY USING FRONT-END ESTIMATING TO GET CLOSER:
.2.

6 X 2 6 9

ESTIMATE ESTIMATE

$ 8 . 3 9 2 X 8 4 6 8

EST IMATE ESTIMATE

51

8 X 1 2 3 9

ESTIMATE

7 -/X $ ) .7 5

ESTIMATE
7=5=TR4



Name

Prattice ways of getting closer when_you estimate.

-7-12 x 64 = 128

so 20 x 64 = 1280
Rcund_l_Tctor- Ek. 19 x 64

1. 42 x 21

3;

Est:

4 Est:

Round Up and__Rau_nd___DowTf-- E

ESt:

. 374 x 45 Est:

Multiply by 25 and 50:

9. 24 x 16

11. 49 x 62

2. 63 x 31

4. 37 x 19

. 35 x 75 Est: 2600

6: 8

. 44 x 74

32 x 24

Est:

Est:

Est:

Est:

Multiply by 100: 3200

Divide by 4: 800

Est: 10. 26 x 48 Est:

Est: 12. 51 x 32 Est:

Ute front-end Multiplication:

13. 6 x $3.19

1)

2)

3)

14. 4 x 726

1)

2)

3)

x $2.49 1) 3 x $2.00 = $6.00
2) 3 x $0.50 = $1.50
3) Estimate: $7.50

1275 nails in each box

15. Buy 4 boxes

16. Buy 6 boxet

17; Buy 3 boxes

18. Buy 8 boxes

Estimate

7-5-p.1



Name

25. It the cost of two Small pliers
closer to $7 or $8?

Prattite your estimation skills.

19 Mr; Teague buys two
brushes to paint
his house. IS $10.00
enough?

20. Mrs: Johnson has seen_the
same hammer for $10,19.
About how much would she
save if she bought tWO
hammers at this sale price?

21. Carpenter Ken buys a haMMer
for each of his six sons.
About how much will he spend?

22. If the clamp set costs $3.99;
will Jim be able to buy it and
the big pliers with a 10=dollar
bill?

23. Mr. Jackson has $159.00 to spend
on jig saws for his school'S SKOP

course. About how many can he bUy?

24. Aaron borrowed the money to buy a

drill. He will pay back the money
over a 5-month period; Will he -pay

more or less than $5.00 a month ?.

Work out the exact -a n_s_w-e in your head;

3 _$ A9_
1.

2.

3.

4.

5.

Ek.

3_x
so 3 x

3 x

$,50_=_$1.50
$.49 i$ 3t less.

$.49 $1.47

4 x $.98-

3 x $.69 =

2 x $3.98

5 x $1.95 =

4 x $1.49 =

7:5-p.2



NSF ESTIMATION
GRADE 7 - LESSON 6

OBJECTIVES: To find the size of the quotient;

To estimate quotients using compatible numbers.

TEACHING THE LESSON:

The lesson focuses on division estimation
with 1-digit divisors; Two aspects of
division estimation are presented.

1) f_i_nxl_t_he_s_z_e-of the quotient; Students
find the-location of the first quotient
digit, whichitells how many digits there
are in-the quotient; This indicates whether
the quotient is in the ones, tens; hundreds,
etc. In the example at the right there are
4 digits in the quotient, which means the
quotient must be in the thousands. Thus,
the quotient must be 2000, rather than 200
or 20,000;

Finding the size of the quotient is a form
of estimation and helps students recognize
whether a quotient is sensible in terms of
its place value. This approach is useful
throughout work with long division, parti=
cularly when there are 0's in the quotient.

7 / 1 6 , g 8 1

7 / i 6 ,

7 1 1 6 ,28

200 ( 2000) 20,000

2) Use compatible numbers to estimate. For Find the first quotient

6-551; we know there are two digits in the digit.
quotient - the quotient is _i_n_ the _tens; One
way of obtaining an estimate is to simply 5__
find the first digit of the quotient. As 6 /3 5 2
shown at the right, the first digit is 5, so
an estimate is 50. While this approach does
not always give the closest estimate; it is an ESTIMATE: 50
acceptable way to estimate;

At this level students are taught to find
the closer number of tens, hundreds,
thousands, etc; in the quotient using
compatible numbers. 6 and 36 are compati-
ble numbers since 36 is a multiple of 6.

In the example, students need to recognize
which multiple of 6 (30 or 36) 35 is closer
to. 35 is closer to 36, thus, the closer
estimate is 60. Some students may recognize
that the quotient is a little less than 60.

(60 -).

6/ 35 2

ESTIMATE: 60

7-6-1



In the first example at the_top of page_1; the use of compatible numbers
gives the same estimate as finding the first quotient digits; although the
thinking may differ slightly.

Some students may initially have difficulty with finding compatible numbers.;
Do not expect all students to master the work at this time; In the lesson;
exereses have been selected in which tr-, closer multiple is more easily
seen (that is, the use of 7 /76$ rather lian 7 /-278-;)

In this lesson; students should find the closer estimate_;___In_other situa-
tions accept both the lower and upper estimates (for 6 / 2852 ; 400 and 500
are both acceptable);

TEACHING THE LESSON:

GET YOUR MIND IN GEAR

TR #1 provides practice with multiplication estimation; Let students dis-
cuss different ways in which the estimating could be done and encourage them
to adjust initial estimates by changing them to ones that are closer to the
actual product.

ANSWERS: $65 - $72 $55 - $70 $60 - $70

$70 - $75 $60 - $70 $12 - $15

$24 - $30

DIVISION ESTIMATION: RECOGNIZE SENSIBLE ANSWERS

TR Present the problem at the top and the steps for finding the number
of digits in the quotient, Then have students select the correct
estimate. 2000 is correct since it has 4-;.digits (it is in the
thousands). Do the TRY THESE exercises with students, first having
them indicate the number of digits in the quotient aid then having
them select the correct estimate.

ANSWERS:

ESTIMATE THE QUOTIENT:

30 $200 600

TR #3: Put a table like the one at the
right on the board and have stu-
dents identify multiples of 6.
Circle the multiples of 6.

Develop_the two approaches for
estimating the quotient for the
problem at the -top of TR #3.
Emphasize the language and con-
cept of compatible numbers.

Do the TRY THESE exercises with
students.

ANSWERS: 7 / 49

5 / 40

8 / 64

9 / 36

MULTIPLES OF 6

43 48
4 63

13 18
3 30

54 42

49 36
25 20

4 / 24

3 / 27 7;;6=2



MORE ABOUT COMPATIBLES

IR #4: The top provides one more example of using compatible numbers to get
the closer estimate. Emphasize the two steps shown. Then have
students do the two steps for the TRY THESE exercises;

ANSUERS: I. Way Off: $.40

Closer: $.30

3. Way Off: 30

Closer: 40

USING THE EXERCISES:

2. Way Off: $100

Closer: $ 90

Read the directions for each set of exercises with the students and discuss
the sample exercises with them or do the first exercise of each type
orally; Exercises 31-35 are more challenging and require more sensitive
estimating and judgment. You may wish to do these as a group.

ANSWERS:

1.

4.

3 digits (hunH-eds)

3 digits (hundreds)

2.

5.

4 digits (thousands)

2 digits (tens)

3.

6.

2 digits (tens)

4 digits (thousands)

7. 40 8. 300 9. 600

10. 7000 11. 7000 12. 500

13. 5 /100 14. 7 / 490 15. 8 /72-0

16. 6 / 4200 17. 4 / 3200 18. 9 / 7200

19. 200 20. 300 21. 4000

22. 40 23. 700 24. 2000

25. 500 26. 2000 27. 600

28. $9.00 29. $.30 30. $4.00

31. $.30 (+) 32. $.03 (+) 33. $.30 (=)

$.30 v.) $.02 (+) $.30 (+)

34. $.60 (-) 35. $.20 (-) 36. $.10 (+)

$.60 (+) $.20 (+) $.09 (:)

7.=-6=3
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''YOUR MIND IN GEAR

USING ESTIMATION

PROTRACTOR

62tecerVI:Ll

Estimate the cost for th Schooti, Bookstore to buy:

A BOX OF 72 PENS:

A CASE OF 144 FOLDERS:

A BOX OF 288 PENCILS:

A CASE OF 48 NOTEBOOKS

A CASE OF 24 PACK 3E' OF PAPER:

A BOX OF 24 PROTRACTOR

A BOX OF 24 COMPASSES:

=TR 1
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DIVISION ESTIMATION: RECOGNIZE SENSIBLE ANSWERS

THE TOTAL ATTENDANCE FOR 7 GAMES WAS

16,281, THE AVERAGE ATTENDANCE PER

GAME WAS ABOUT 9

(200, 2000, 20,000)

7 )16,281
Ar,, there enough ten-thousands to divide?
Are there enough thousands to divide?

7 Fr* vit 1/-#

7 ) 16, /or vi /to

The quotient is in the thousandt. It hat 4 digitt. 7 )16-w/ft-too

2000 IS A SENSIBLE ESTIMATE,

TRY THESE: MAKE MARKS TO SHOW HOW MANY DIGITS IN THE QUOTIENT,

CHOOSE THE SENSIBLE ESTIMATE.

215 STUDENTS

6 BUSES

ABOUT / STUDENTS PER BUS,

$8500

6 5 2 1 5

30 300

4 8 5 $ 8 5 0 0

$2000
48 MONTHS TO PAY

$20 $200
ABOUT / PER MONT!'

4215 STUDENTS
7 42 1

7 SCHOOLS

ABOUT ? STUDENTS PER 6 60

SCHOOL

56

5

60(1

7-C3-=TR2



ESTIMATE THE QUOTIENT
1,A CITY

--'-'--=---s.CACTUS CREEK [T TOOK THE YEE FAMILY 6 HOURS TO

GET TO THE GRAND CANYON, ABOUT

Y GULCH HOW MANY MILES AN HOUR DID THEY

AVERAGE?
GRAND CANYOE

DAVID FOUND THE FIRST

DIGIT IN THE QUOTIL.-±1T,

LEE USED COMPATIBLE NUMBERS.

35 IS CLOSE TO 36, AND

36 IS A MULTIPLE OF 6,

LEE HAS THE CLOSER FlTIMATE,

6 and 36 are Compatible Numbers
because 6 divides 36 evenly.

TRY THESE:
Use compatible numbers, to find the closov estimate.

7 ) 8 '0

a

77.6=TR3



MORE ABOUT COMPATIBLES

152.652 ATTENDED A 4-GAME

BASEBALL SERIES. ESTIMATE

THE AVERAGE ATTENDANCE.

1. Find the size of the quotient. 4 T152,852

2. Use Compatibi Numbers
to estimat

TRY THESE:

4 ) 1 5 1//iwini 4 1 6 T/y/i

1, TELL WHICH ESTIMATE IS "WAY OFF,"

ESTIMATE:

2, TELL WHICH OF THE OTHER TWO IS CLOSER,

6 FOR $1,69 4 TIRES: $352,99

ONE DOUGHNUT COSTS: ONE TIRE COSTS:

( 2 0 30 ,40 ($8 0 ,$ 9 0 ,S 1 0 0 )

u

3 3 2 MI

8 GALS

THE NUMBER OF MILES ON

ONE GALLON IS:

( 3 0 , 4 0 , 5 0 )

7-=6°.TR4



Name

Make marks to show the number of digits in each
quotient. Then tell if the quotient is in the 9 / 2 3 8

tens, hundreds-, or thausartts .
i n the

1 . 6 / 1 4 6 24 6 2 2 ; 4 / 6 2 9 0 3 . 8 / 4 3 2

in the in the in the

7 / 4 9 1 4

in the

5 : 6/ 5 92 6 . 3 / 1 3 i 4 6 2

in the in th

Circle the better estimate for each example.

7. 7 / 2 8 4

a. 40

b. 400

10. 9/ 6 3; 1 0 4

4 / 1 2 2 4

a. 30

b. 300

II: 4/ 2 9; 8 4 2

a. 7000 a 700

. 7000b. -70;000

Circle the example that gives the closer estimate.

9 . 8 / 4 8 0 6

a. 600

6000

i2. 5/ 2 5 1

a. 50

b. 500

13. 5 / 3 9 2 14. 7 / 5 0 1 15. 8 / 3_ 3

a. 5 / a.3 5 0 7 / 4 9 0 8 / 3 4 0

b. 5 / 4 0 0 . 7 / 5_ 6_ 0 8 / 3 2 TS

16. 17. 18.6/ 4 0 8 7 4/ 3 3 0 4 9 / 7 0 3 8]

a . a . a .6 / 3. 6 0 0 4 / 2 0 0 9 / 6 3 0 0

b. 6/ 4 2 0 0
b. b.4/ 3 6 0 0 9/ 7 2 0 0

7-6-p.1
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Name

Estimate. Use compatible numbers

Estimate

if you can.

Estimate Estimate

19. 20: 21.1 5 3 2. 3/ 8 9 9 4/ 1 7, 6 4 0

22. 2 3 .
24.3 / 3 1 2 5 / 3 6 2 5 / 3 8 9 7

25. 4721 ; 9 25. 18,425 ; 9 27: 3487

28. $43.95 ; 5 Z9. $2.73 ; 9 30. $26.49 ; 7

BE A SMART SF2PPER!

Estimate the cost of one..
Put a check next to the best buy.

E. BATTERIES ApprOXJ, 'cost

per !item

2 for $1.44 $ 70 + ar *. 72

5 for $3.49 $ 70-

31: LIGHTBULBS

4 for $1.27

2 for $ :59

Approx. cost
per item

33. GLUE Approx. cost

32 PLASTIC SILVERWARE Approx. cost
per tem

24 pieces -Jr $ .75

50 pieces fbr $1.09

34. DRILLS Approx. cost

per item per item

4 oz: for $1.19 7 fOr $3.99

6 oz. for $1.99 9 for $5.49

35. TOOTHPASTE Approx. cost 36: CLEANSER
per item

6 oz. for $1.19 5 oz. for 52C

9 at. fOr $1.81 8 oz. for 70C

Approx. cost
per item

7=6-=0.2



NSF ESTIMATION
GRADE 7 - LESSON 7

OBJECTIVES: To estimate quotients using compatible numbers when dividing
by a 2-digit number.

To estimate quotients by first rounding the divisor when
dividing by a 2-digit number.

TEACHER BACKGROUND:

Two approaches to estimating quotients when
dividing by 2-digit numbers are presented;

1; Use Compatible_Numhers. Here the whole
divisor is used as shown at the right; One
thinks of multiples of thc di-visor and
adjusts the dividend; 12'/ 37 is changed to
12 / 36 since 36 is a multiple of 12.

Both the dividend and the divisor can be
changed as shown in the samples below.

/ 47 67

12 / 3748

x 3 = 3 ')

12 / 36;;H;

ESTIMATE: 300

Compatible numbers is a valuable estimation tool for many division situa-
tions, particularly real life settings where the numbers are not set up
in the usual / form. It requires the ability to recognize pairs of
numbers tht are multipl s and works best when the quotient is 2, 3, 4 or
5. You can expect a varie \y y of_ways of finding compatible numbers and this
is reflected in the exercise

2. Round the Divisor. Compatible numbers
(using the whole divisor) are not always
appro--iate. In these situations it i5
best 1:- begi-n by rounding the divisor and
then proceeding in one of two ways:

a. Find the first quotient digit. This
parallels the work of Lesson 6. _While
this may not give the closer_ estimate, it
it- produces a reasonable estimate in an
efficient way.

63

6 3/ 4 3 75'

6 0 / 4-3- 4 .0

round
to tens

truncate

7

6 0 / 4 3 /

ESTIMATE: 70

7=7=1



b; Use compatible numbers; After round-
ing the divisor and truncating the dividend,
look for compatible numbers to get the close,-
estimate;

b_ 3 0 /

7

3 0 / 2 0 1 6 3/21

ESTIMATE: 70

Encourage students to take a few moments to examine an example to determine
the best way to proceed; Also; emphasize the importance of first finding
the number of digits in the quotient; so their estimates will have the cor-
rect place value;

TEACHING THE LESSON:

GET YOUR MIND IN GEAR

TR #1 emphasizes recognizing sensible answers; Have students scan the
examples to find the ones that do not have sensible answers; Discourage
them from trying to work the problems; Have student; tell why the ones
they identify don't have sensible answers;

ANSWERS: The answers to #3, #6 and #7 are not sensible.
In #3, 100 x 24 = 2400 and the product of 2 two digit
numbers can only have 3 or 4 digits;

In #6, the quotient has 3 digits and is in the hundreds;

In #7, 6000 + 3000 = 9000, so the sum must be around
10,000. Susie probably added all the lead digits
without looking at their place values;

COMPATIBLE NUMBER ESTIMATION (USE THE WHOLE DIVISOR)

TR #2: Present the problem and development of the use of compat-:He
TR #3: numbers using the whole divisor. Then use the w at t, 5ottom Lo

to provide practice in finding numbers compatible J the ),,nber

given.

Toe top of TR #3 shows ways of changing the divisor
dividend to make compatible numbers. Have students CJ the -exer-
cises at the top. There are' a variety of ways of ch6:iging tc-,7 'es

where the numbers are not compatible.

Do the TRY THESE exercises with students. Real w6
situations have been used to encourage the use of wrIc.

divisor.

ANSWERS: 200 miles per day

30 miles per gallon

40 seats per row

64

400 miles per hour

200 boxes per girl

7-7-2



ROUND THE DIVISOR

TR #4: Show just the situation at the top. Emphasize that another way to
estimate is to first round the divisor; Then develop the two ap-
proaches for completing the work. Use the work in the middle to
reemphasize the importance of first finding the number of digits in
the quotient.

Do the TRY THESE exercises with students. You might have the es-
timates done both ways.

ANSWERS: about 200

about 300 (200)

LING THE EXERCISES:

about 40 (30)

about 90 (80)

about 700

about 600

Page 1 has been constructed to reinforce the development of the lesson with
emphasis on recognizing the size of the quotient and the use of compatible
numbers with the whole divisor; On page 2, students should recognize that
they may use any of the approaches to the exercises; On page 1, do the
sample example before #9 - 20 with the students.

ANSWERS:

1. 60 2. 30 3. 3 4. 200

5. 700 6. 5 7. 100 8. 2000

9. 200 10. 30 11. 3000

12. 300 13. 300 14. 2000

15. 70 16. 700 17, 40

18. 50 19. 800 20. 50

21. 2000 22. 3 - 4 23. 60

24. 300 25. 20 26. 60 - 70

27. 20 28. 400 - 500 29. 900 - 1000

30. $.10 $.12 31. $.30.- $.35 32. $.09 - $.10

33. $.20 - $.22 34. $.04 - $.06 35. $.02 - $.03

36. 20 - 25 37. 7000 8000

38, $400 - $450 39. $200 - $220

40. 24,000 41. 150 = 160

7-7-3
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OUR MIND I GEAR

0

SENSIBLE ANSWERS

GOOD E s-rim FIToRS can Scan
he:1r -fest h tuts to p c..K 0Q-1-

Ur) resisonctble, Q nsk.oe_rs.

5::ATTi CHECK-UP OUIZ Name

1, 249
27

4-416
Gatti

c15
57#75

2, 4663
167

Li,Licup

6157 700 + 3478 = kojG3S

98
xl 4

a3,50a,

65 1320

7 7-TR 1,



TWO-DIGIT DIVISORS: USE THE WHOLE DIVCSOR

1. Find the size of
the Quotient.

$ 3 7 4 8

12 MO, TO PAY

12 3748

2 Use CornpatibL_
Numbers. 1 2 )7767-7/T

3 Put at together.

ABOUT HOW MUCH IS

EACH PAYMENT?

THE QUOTIENT HAS 3

DIGITS. IT'S IA IHE

HUNDREDS.

12 AND 36 ARE

COMPATIBLE.

$3 ABOUT $300 PER PAYMENT.

12 37 4B

MAKE COMPATIBLE NUMBERS.

7

DOUBLE. TRIPLE QUADRUPLE

15 &
P1

2I
42
24
I6

6

7=7=,TR2



Cornpatible numbers divide evenly !

13 )22
NOT COMPATIBLE

13 )2

FIND COMPATIBLE NUMBERS.
Compatible Numbers;

33 FET-

52 MT
12 74--8-

23 67

TFV THESE: Estimate.

3325 MILES
I 6 DAYS

MILES PER DAY;

5 2 BOXES

36 GIRLS

Z BOXES PER GfRi .

F2-2

COMPATIBLE

12

Change the others to

14 5-42

41

Use thethe whol divisor.

4 3 2 MILES

14 GALLONS

MILES PER GALLON.

26 551

4 3 7-1-2-7

9 5 8 2 MILES

2 4 HOURS

MILES PER HOUR.

THEATER

11 5 0 SEATS

31 ROWS

SEATS PER ROW.



TWO -DIGIT DIVISORS:ROUND THE DIVISOR

Sometimes using the whole
d!visor doesn't seem workable. 67 )4097

To )74-W

1. Find the f: digit 2. Look for Compatible

SO... RCYJNO THE DIVISOR

and

OR
of the quc...ent. Numbers.

5_
70 5z-14697

About 50

BE CAREFUL ABOUT
PLACE VALUE. 34 )2_369

6
/1 2 o Rei

About 60

TRY THESE: Round the divisor to estimate.

2 8 ) 7 3 I 6 7 2 ) 2 7 5 ., 5 9 ) 4 3 , 2 8 7

ABOUT ABOUT ABOUT

4 7 T 1 7 3 , 6 7 1 3 4 72- 6 8 7

ABOUT ABOUT

69

786,300
ABOUT

7-7 TR4



Name

Cirtle the best estimate. Think about the size of the quotient.

1.

3.

5;

7.

6 2 /

7 8%

3 6

1986

6

3

7

1

60

30

70

10

600

300

700

100

2.

4.

6.

8.

3 8 7 2

2 6 2

2 5

; 20

8 7 4

4 7 /

1 9/

406 ;

74;831

Rewrite using compatible numbers.
Example

Then estimate.

9. 1 3 / 2 5 6_3_

Estimate:

12. 2 4/ 7 3 3 2

Estimate:

15. 3 0 / 2 0 4 1

18. 2 8 / 1 4'9 7

Estimate:

10. 4 9/ 1 6 2 4

2

3 30 3001 4 / 0

3 9 4 2 2 20 200

84 5 50 5(./0

; 36 20 200 2C0;)

6 / 5 1 2 5

. 13. 1 2 / 3 2 6 3

Estimate:

16. 6 0 / 4 3 2 4 1

)
1

Estimate:

5 U/ 4 3 8 7 2

Estinat:::

11. 3 2/ 9 5

Estimate:

14. 4 4/ 8 9 7 1 2

Estimate:

17. 8 0/ 2 9 9 7

Estimate:

20. 6 7 / 3 7 8 9

Estimate:



Estimate. You can use any method.

Estimate_
?_

33/ 67,145 22. 33/ 298

2.2. 25.53/ 15,724 62/ 1259

1637 84 28. 8376 ; 16

7st1T-p.

13.

44 expo .ures

$2;75

co.:. :per

exposure:

3 flash
cubes

51.69

cost per
flash cube:

31.

Name

Estimate Estimate

46 / 3075

7

22 / 2074

29. 13;720 ; 44

4 for

S1.3(;-:

cost per
battery:

34;

-of-1-25 tablets

-Irgli5.0) 51,39

cost per
tablet:

36. There are 152 seventh graderS at
Woods MiddleSchool; There are

7 homerooms; About how many
students are in each homerbbt?

Students

38. To pay a loan of L':000 in
12 months; Each payident would bt
a little over

40. A fireman said every house needs
2 zme!e detectors; If a town haS_

-;cut 1..? houses on a street and 319
streets; about how many smoke
detectors would the town need?

smoke detectors

32.

35.

10 for

99c

cost per

pencil:

50 places

$1.19

cost per
plate:

37. In May 235;352 imported cars were
sold iR the UHted States, There

are 31 days in May About_how
m3n imported cars were sold each
_ y in May?

cars

39. To pay off the same loan in
24 months (see ex.38 ) each
payment would to abou

41. There are 206 bones in t-j1c human

oody. If there are 29 in the head

and 24 in the writ_ard hand; about
how many bones are in the rest of
the body?

71
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NSF ESTIMATION__
GRADE 7 LESSON 8

OBJECTIVES: To estimate a fractional part of a number.

To adjust estimates.

TEACHER BACKGROUND:

Fincing fractional parts has wide soc'al
applications and is an important usc:,
`ractions; The lesson is placed ''&\;

int in the program because of
.zical and pedagogical value of ng

%e work to division; There are four parts%
o the lesson;

1; First students review finding a_fractional
part of the whole; Finding 1/3 of 27 is re.ated
to splitting 27 into 3 eq' parts; or dividing
27 by 3;

2; To estimate a fractional part; the compatible
number strategy is used; Since 26 is (-Jose to 27,
and 27 and ql-..are compatible numbers; the estimate
is found by dividing 27 by 3;

3. It is natural to adjust the estimate; Since
$26.25 is rounded up; the answer to 1/3 of $26;25
is less than $9;00; $9;00 is too much;

4. $9.00 is an estimate of the part saved; To

estimate the part owed, two approaches can be
used:

$2b.25

of $26.25

ESTIMATE: ,9.00

ADJLSTED
ESTIMATE: $9.00-

a. Use NiLc: .!umbers_ to Subtract; b; Use Multiplication.

Part ',art You save 1/-zi; so you pay 2/3.-

Total Saved Owed
1/3 of $26;2S iS at,Olit $9.00.

$27 $18 2/3 of $26;25 is twice as much.

You pay 2 x $9 or about $18.00.

It is important to develop this last point; but recognize that not_all_stu-
dents will be able to become proficient; This work receives additional
attention in Grade 8 material;

72
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TEACHING THE LESSON:

GET YOUR MIND IN GEAR

TR #1 emphasizes that an estimate is often sufficient. Also; estimation is
useful as a check on computation when_an exact answer is required; Discuss

these ideas as you use the transparency.

ANSWERS: 1. No; No; Yes; Probably Yes

2. Yes; No

3. No; Yes

ESTIMATE A PART

TR #2 The meaning of finding a fractional_ part_ is reviewed. Present the
diagram and example at the top and link finding 1/3 of 27 to 27 S 3.
Then present -the work on estlmatl:,g a fractional part of a nur:Der at
the bottom of_TR P;scuss the reasonin behind adjusting the
estimate. (Since ;).17 rounded up to $32U, the estimate is too
high. You would save a less ::;40 or $40-.)

TR #3: TR #3 presents practice in ,;t:maLing the part s,avec. Have students

estimate and adjust.

ANSWERS: $15 - $20 $9. 1. $33

$11.00 = $12.00

.00- $50.0 = $60.00- $22+ $25-

ESTIMATE THE AMOUNT PAID

TR #4: Develop the two approaches to estimating the amount paid or owed.
Then do the TRY THESE exercises with students.

ANSWERS: $40 = $43; $80 = $86

$38 = $40; $150 = $170

$18 = $20; $54 = $60

$110 = $120; $220 = $240

USING THE FXERCISES:

There is a careful progression of exercises_on page 1 to reinforce the esti-
mation process. While adjusting estimates is not required_,_ students should
feel free to do so . Discuss the work at the top Of page 2 and consider
doing #28 with students orally.

7-8-2



ANSWERS:

1. 92 2. 20 3. 15

7. 28 or 32 8. 36

11. 150 12. 320

15. $2- 16. $3-

18. 10 $11 19. $20 - $21

2G 50 52

22. 60 - 62

24. 350 - 400

26. 45 - 50

98. rlderiover

30. overiunder

21.

23.

25.

27.

4. 8 5. 70

9. 400 or 410

13. 540

17. $30-

14 == 15

30 =31

45 = 50

40 .42

29, overiunder

31. underiover

6.

10. 140

14. 240 or 246

32. under;under

33. $44 - $45; :4 - $45 34. $45 = $1A; $180 :-1205

35; $14 - $15; $28 - $30 36, $145 = $15,; $420 == 450

37; $6.75 - $7; $60 - $63

7=8=3



OUR i 1 N D 6th G Pt

AN ES ATE ENOUGH?

an estim:tt enough vehon:

THE WAITRESS FIGURES 5% TAX?

THE WAITRESS FINDS THE TOTAL?

THE CUSTOMER FIGURES A 15% TIP?

THE CUSTOMER CHECKS THE BILL?

an est mate enough w

CAROL DECIDES IF SHE'LL

MAKE ENOUGH MONEY IN ONE

WEEK?

THE PERSON WHO HIRES CAROL

FIGURES OUT HOW MUCH TO PAY

Is an estimate enough v;:ilen:

THE ACCOUNTANT FIGURES OUT HOW

MUCH MONEY WAS MADE ON TICKET

SALES?

THE NEWSPAPER REPORTS HOW MANY

PEOPLE ATTENDED THE GAME?

75
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ESTIMATE A PART

To find one mart, you can divide!

To find one cq :3
parts ...

To a one par

F 27 =

2 7

use Compatible Numbers!

How much is '..ailed?
1 Of. 117

OFF
Think : /i7 ts cios -1-0 420

r
-1--r--7 is 40

So, about $40 .... or a little iess.

$40

7 -8 -TR2
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LE v.

Try these!

SALE! -OFF!4

EST' EST:

99-.5o

EST:

7-8-TR3



TOTALI

ESTIMATE THE AMOUNT PAID

Use Nice Kumbers
to subtra_c_t:

PART

SAVED

PART

OWED

$ 1 2 0 $ 3 0 $ 9 0

TRY THESE:

L$ 1 2 7 . A OFF

78.95 1

4

1

OFF

OFF

611 ved: $30

7)[1771 L P

Use multiplication:

You save -1- so4 you
3Pal 4
1

IS $ 3 0
4

3
IS TIMES AS RUCH.

4

SO, 3 X 30 = $ 9 0

SAVE PAY

78
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Write the answer.

1.

4.

of 88

Of 64 7-

2;

1
5.

Rewrite using a compatible number.

of 31

of

Name

120 = 3. -T. of 75 =

of 280 = 6.
1 of 330

1
8. Jf 37 9. T of 409

1 1
of

i1
12.

1
11. y of 148 1.

8
of 331 13. of 31:

T
1

8

L I
of

-6-

Rewrite using a compatible number; Then estimate

15.
1
4

of $89.95

16.
1

of $25.89

17.
1

of $146.15

18.
1

of $31.19

19. 7- of $163.45

The school board did a
survey to find out how
students come to school.

Lincoln Sci
Cany school
Ress School
West Jr; High
Muir School

# students
207

147

186
723

121

1

4

1

9

of

of

1

ET

Estimate:

Estimate:

Estimate:

Estimate:

Estimate:

10. of 139

14;
Of 245

3

1

Estimate the number of students WhO Walk.

20; 1

4
of Lincoln:

22. Of Ress:

21.

23.

10
of Cany:

or Muir:

Es_timat.e_ the number of students who ride in car ools.

24. of West Jr. High: 25.
1 Cany:_

1
26; of Ress: 27. s- of Lincoln:

73
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Name

TWO deed estimates are shown for each problem. If the estimate is more than the
exact ,Inswer, circle 'over'. If it is less than the exact answer, circle
'under'.

Example:

of $12.85

28.
1

of £89.95

29. 1 of $24.97

y of $12.00 is $6.00

Estimate: $6.00

Tom's estimate: $22.00

Al's estimate: $25.00

Sue's estimate: $ 5.00

Kim's estimate: $ 4.00

This estimate is Tess than
the exact answer so circle
'under'.

over

over under

over under

over under

over under

30. .1 of $35.98 Beth's estimate: $12.00 over under

Jack's estimate: $11.00 over under

31. 5 of $96.49 Saffi's estimate: $19.00 over under

Ken's estioate: over under

3 of $49.95 's estimate: 4,11;a2 over under

Jill's estimate: $12.00 Over under

Estimate the amount saved and the :mount paid;

33. /$ 89.984, off

34. $24-7-7 ,-- riff
1

35. 4774-71.747-A off
1

36. /$599.04 1
zr. off

37: /$ 68.95A 2 off

Amount Saved Amount Paid

80

7-8-p2



ESTIMATION
GRADE 7 - LESSON 9

OBJECTIVES: To identify fracticms that are close AO 1

estimate a fraction.

To estimate the sum of fractions.

and 1/2.

T:ACHER BACKGROUND:

Recognizing fractions that are close to 1; 1/2; or 0 is important in etti=
mating the sum of_fractions and mixed numbers; It also encourages students
to think about the amounts represented by fractions; The idea is easy to
learn and contributes to their understanding of fractions;

Fractions Close to 1

960 13/12
17/20

4/5 /7

A fraction is close
M 1 when the numer-
ator and denominatct-
are about the same
size.

Fractions Close to 1/2

7/15
5/12

13/24

A fraclionis close__
to 1/2 when the denom-
inator is about__
twice as large as
-the numerator.

Students then use the above ideas to estimate
the sum of fractions as shown at the right.
The _strategy is an easy _and enjoyable one for
students and they should pick up quic-kly on it.

Many times it is possible to adjust estimates.
In the abOVe_eXaMple,_the sum_is a little less
thah_I -/2 (1 1/27)_ since 12/13 is less than 1 and

4/9 is lett than 1/2, In the example at the right,
the sum is a little less than 2.

The lesson also includes estimating the fraction
for real rldtituations. In the situation
shown at the right, Terry had base hits about one-
third of the time; since the denominatoris a little
more than 3 times as large as the numerator. Also,
11/33 equals 1/3.

Fractions Close t

4
/30

3/17

3/19

1/8

A fraction is close
to 0 when the numer
ator is very small
in comparison to
the denominator;

1? 4
+

ESTIMATE:

-8- ÷

ESTIMATE: 2 or 2-

TERRY

11 base hits
36 times at bat

1/4?

7-9-1



TEACHING THE LESSON:

GET YOUR MIND IN GEAR

The gaMe (TR41) encourages estimation thinking and encourages thinking
abbUt adjUSting estimates in division; In eachproblem;students are to
Make a guess about the missing divisor; Then the estimate is chetked with a
calculator; Finally; the estimate is adjusted to get closer to the target
numher for the quotient;

Example:

2357 ? 61 A gond first choice would be 40, SihtL ,J x 60
2400 or 2400 61 is about 40. When

OR 40 the divisor the quotent is 59.

f1
/ 2357

To yet a larger quotient, a good choice would be
to decrease the divisor.

Try 39: Quotient: 60+ or 6

Try 38: Quotient: 62

1/2

Thus the closest one can get using whole numbers
iS 38.

Discuss the first problem with students to help them Underttand the game.
Then ao the other 3 problems in the same way.

ANSWERS: 1. 38 2. 105 (104) 3. 34 4. 31 (30)

ESTIMATE THE FRACTION

TR #2: Develop each of the 3 situations. Bring out through discussion:

a. that a frattibh is close to 1 when .the numerator and
denominator are about the same size.

b. that a frattidhjs c-,-)? to 0 when the numerator riry

small in comparison to the denominator.

c. that a fraction_is close to 1/2 when the denominator is
about twice as large as the numerator (ur_when the numerator
is about half as large as the denominator);

Then have students select the fractions at 'he bottom in the
TRY THESE exercises.

ANSWERS: Close to 1:

Close to 0:

Close to

3/4

3/17 1/8

7/13

4/5 7/9

-8 2

4/9

2/i

7-9-2



TR #3: Present the problem at the to and discuss why 5 of 25 is about 1/4.
Then discuss the TRY THESE exercies the students; hiving
give their reasoning for each 011,2;

ANSUFRS: Jeff: Chrer-c:

Terry: 1/3 Alisa:

Kelly: Chris:

ESTiATTal.

1/4

3/4

TR Present the problem at top of the rage and discuss the approach
tr estimating the sum; T 'nfelop the two problems in the middle
; he transparency; En/pn r that sudents should .irst determine

frac an is close to :? or and then estimte the sum.

Discuss the first two of the fRY MESE exercises stud2hts. Then
have s-nts try the next row indr,pendentiy before discussing them.

ANSHRS: Middle: 2

Bottom:

tkE E:,;ERCiSES:

lr 1/s,

1 1/2 1 1/2 /2

Look over each set of exercises ':!ith students; Give attention to 'q3 - 17.

Poir out that the -ms .ielp them fild whether the sum greater

Or . than 3,

ANSWERS:

1, 37 8--/ij7,
18/3

2; 13/16;
7

o;
17

/19

--.- 1h 40 -/8 2/3 6; 1/2._,

7. -, 5 S. 1/8

_
6

. .6ns 10, Tigers 11. :1.-.)ogars 12; Bears

Muskrats 1.1ildcats

13, iess 14. gi-Lter l5. greater 16. less

17. less

18. abou- 2 19. about l.2 2U. -abou-t 1 21. about 2

22, 1 23.
i

-/2: 24, P 25, 1

26, 2 27, 2 1/,-,, 28. 1 29; 1

7-9-3



2 3 5 ±

9 2 ?

5 7 3 n ?

7 6 9

D M '1,75 E A
EST 1-,; -r

rid o g rtHcf i ej S

-(Jt e .

he cl]vier3r

QUOTIENT

a 0 f: C 2 cn o

ESTIMATE
Lio

1, 4 9 5 9_

2,

3.

2.

3,

1.

2

3.

84
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F Pi,C-flONS C,OS TO 1 a A3 1

o s

HOW CAN YOU TEL

WHEN A FRITIM IS

2LOSE TO

Cft to 0
HOW CAN YOU TELL

WHEN A FRACTION

'LOSE T6 (,)

Co to

HIJ CAN YOU TELL

WHEN -t-'; FRACTION lc

CLOSE TO 1 r?

2

P.`.6

CLOSE Ti 1?

CLOSE. TO ?

TO i

2

7
7

12 5

7

9

3_
7 2 2

3 13

7 2 LI C 2

11
9
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[1L [2: :-3 Ea

JOHN MADE 6 OF 25

HREE THK.jS, HE

MADE ABOUT ? OF

H SHOTS. (tt.
,

i- i e. c.--',, :-..^,<:.., c.,_', --1--

(It

vi is

Er=c- CHP

8 E'SKETS 19 BASKET

1.7 SPOTS 31 SHOTS

,
2 -)

11 -ASE k.f.TS

p.LJ

3

COMPLE. , PASS'L_

77 ITTEM:-TS

12 BASE H).TS

TiffS Al Pff

CHRIS

) ,-ASSES



I MILE

t71,1] G 0 ACTOF,

CLAU2IA JOGGED =L MILE IN THE MORNING

MILE IN THE AFTERNOON,

,C1 L7AT. I MILE?

,
)5 c,! c-se to -;;Z-

)

CIC.f.t.Ad ea", er-1

CtH Pnile

7
-1- ---4 : 0

1 C.
:--4-j D

c,

_C / '..--1 (----.,')
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ABOUT
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n
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'ale the fractions Circle i:hu fractions

tha: are dose to at are close zo 1.

6

3

100

the

18

16

1 17

100 5 19

3. Trvis baskets Mary Lou 24 base hits

25 shots- /4 tiMe'=- at bat

5. LatJa 11 free thrOS 6. Jason 21 -coMetions

18 attempts

7 Alan 15 base hif-

- 74 times

Teat
caTrys

;Played

rigrs 1 21
!

Lions

ats

sugars

13

19

8Pars i 21

Irots 29

lames
Won

10

11

13

6

5

9

9. Which team h;':: on more
than half or games?

10. Which teams have on just
under half of their games?

passes

6 goals

37 shots

11. Which teams have won about
one-thi-d of their games?

12. Which team has only on

about one-fourth of their
games?

7:9=p.1



, ,,,

1-//

20.

Name

Circle the best flswer. Think whether each frattidh
s greater than or less than 1.

1 1 greater than 1 less than 1
13. T 7

qreater than 1 lelss ka 1

i4.

1 5 fl:.Pater than 1 eas than 1

15:

greater thah 1 less than 1

16.
9

15

17. 4e 1 .:han 1

7

ate the sum. Circle the bet chbite.

a
-

_

C

Estimate.

El.

25:

2a

5

173

174

1

about

1
about ;;-

--, 1

Lbou',: T

about

about

:ut

about

:

1

1

d bcut 2

out

abdUt 2

about 2

27

29.

13

15

4-

15

173

19
T=.7

6'

12 L

7=9=



NSF ESTIMATION
GRADE / - LESSON 10

2J6JCTIVPS: To estimate the sum of ed numbers using the ! straterjy.

To estimate the sum and difference of mixed number: v rounding one
tor.

To estimate the si_-;1 and difference of mixed numbers using nice
cUMberS.

TEAC-=R BACKGROUND:

Thre opt-othos for addition and_ subtraction estimation with mixed numbers
are prescrtCd. Each is an extension of strategies students have used
before.

1. Front-End Addition. iS the key approach and involVes rounding
'rdctiona tc 0; 1/2 ,ar 1.

4 5/9 a. Add the i;,ihcle numbers: 2 = 6

0; H:imate the rest: 3/8 + 5/9 i out 1;

since each fraction is close to L

ESTIMATE: 7

There ari_ a variety cf ways that
estimates can be expressed; For
example; at the right the estimate

civc,:n three ways; EncourarY-i

students to use the + or - s

to Hust when it is possible;
It can be used Len both franns
have be -=!n rounded up or rou,,,ied
down;

;-% Round One Number; The two examples
Lc thP right illustrate this approach;
In subtraction; it is important that
the second number be rounded; If the
first number is rounded; students are
likely to make the following error:

Students may need to pi dice adding
nd subtracting when one number
xed number;

It is also possible to estimate by
rounding each mixed number to a 'J hole

number; While this is not included
in the lesson; you might discuss it
with students;

6 2/3- 4--
3,,

as 13 or abot. 13

be 13- (a little ess
than 13)

c. 12 1/2 or about 12 1/2

4 3/4 + / 2/3

ESTIMATE: 4 3,_

3/4

14 1/3 1 10

ESTIMATE: 14 1/3

12 /3

- 2 =

7-10-1



3. Use Nice Numbers. When numbers
are relatively large (addends 18 26 1/4 21 3/4
greater than 10), the fractions
are relatvely insignificant. ESTIMATE: 20 25 + 20 =
here students are encouraged 65

to look for whole numbers that
are easy to work with; as shown
at the right; When nice numbers
are used it is usually difficult
to adjust the estimate;

Students should be encouraged to be flexbh. in how they estimate with
mixed r :jmhars. This lesson is a good place to stress this idea; Any
estimate within a reasonable r.ge is acceptabe;

TEACHING THE LESSON:

GET. nUR :IIND IN GEAR

TR fir: emphasizes examining an answer to see if it is reasonable; For exam-

ple, in 3013 - 2995; both numbers are about 3000; so the number shown on
the calculator, 1018, does not make sense. Have students look at the num-
bers as a whole rather than attempting to compute the exact answer;

ANSWERS: The answers to 3013 - 2995; 2087 3652 197; ant 22 x 48 are
not reasonable.

ESTIMATE WITH M:r."," NUMBERS:

TR #12: Develop the front end appm.:::acn with st,dents; Give attention to
the adjusting step (since '/8 _and3/4 are each less th;.n 1; the

exact sum is less than 11). Do the first r v. u TRY -1-ESE exer-

cises with studerif.s. Then have them try the second row independ-
ently bets-re discissing the exercises. Encourage students !.o shre
their thinking and ways of adjusting.

ANSWERS: 9- (8 1/2 == 9)

(18-)

8+ (8 -

14

TR 43: DiSCUSS the use of rounding-one number at the top. Incl a sulo7

traction_examDie such as 6 2h,:- 3 1/. Point out that subtrac-
tion it is_importanto round the seccnd fraction. It is possible to
rni.rnd the first fracticn. but there is she :danger of makinga_c non

error, For example, the answer to 6 = 2 1/3 is 3 2/3, not 4 1/8,

The exercises in the boy,prbiide practice in adding a whole number
to a mixed number or s6btracting,a whole number from a mixednum-
Per. It_thay help scme s ,!ti?nts to use prs of examples as shovn
belcrr You also c.,;,n illote the ',-:ork using a number- line.

3

SO 0 -/- SO;

6 2

1/4 = 4 1/4

JJ any stuaents toe :2,-,5ih-;lityof gt-otnnumrs
discuss this ..;s another voy to as grate and perit students, n use

this method well.
7-10-2



Do The first row of the TRY THESE with students; Then have them
try the remaining ones independently before discussing them.

VYERS: 12 1/7 (124-)

12 1/3 (12)

4 7k (5)

2/3 (17-)

//8 (6+)

4 1/12 (41-)

: Present the problem at the, top and look at the _example. Point Out
that the fractional part o each mixed number does i,-- affett the
Sin of the number Very MU,h. Also point oUL that ,,, :. these nun
berS the_beSt way to estimate is to choose nice niiMberS to work
With. Discuss the SOlLitiOr\ and ask student7 ':ere are Other
Way.S to eStiMate, Do the TRY THESE eXertiSr.= students;

X:SWERS: 50 = 51 145 = 150

44 = 46

USING THE EXERCISES:

35 = 36 45 = 50

Discuss the sample example at the top of page 1, pointing out that answers
may be expressed in a variety of ways; Also point out the directions at
the top ot page_2 where_students are asked to estimate_by rounding one
HMber. The THINK IT THROUGH exercises at the bOttOM bf page 2 present a

computation_strategy for obtaining exact answers and should be used
addititil Challenge for capable StddentS.

ANSWERS:

1. 16 1-/- - 17 12 - 12+

1:-i

1/5
1}--, - 16 5; 24 - 24 1/4

13 1/2 14 8; 14 14 1/2

10 Yes 11; N

13; Unid-9.1. 12 under 8

15. 12 3/7 .t):- 12 /5 17; ' 2/3 or 16 9/10

19; 12 1/3 20

-;) St. - 50 23; 69 70+

--'5; s 0 26, :20 125

28; 20 32 29. 55 - 57

11-ifY IT THROUGH

4 -,'-) 2; 7 1/2

6 3/4 5; 2 2/3

3;

5;

9;

'L2;

15;

18;

21;

2A

27;

RO;

3 5

6; 3

2 24-

11 1-/5

10 - 11

over 5

over --,

29 3/7 or 29

8 /8

19 22

17t 180

6: 70

3/4

7/g

1/6
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YOUR MiND IN GEAR
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Estimate. Use the Front -End
method. Use + or to adjust
your estimate when you can.

6 11

1' 7 ° 13

Estimate:

5
4. 6 T

Example:

Sue: 13

Name

+

Jaun:

Helene: Between 12 and 13

2. 9 + 2 11 12 - 10

Estimate: Estimate:

Estimate: Estimate:

8 IL 4. 3 2 15 3
7.

12 13 16 8' 6 T 5 eT 15

Estimate: Estimate:

L
10; Bab needs 10 2 pounds of lunch

meat for a picnic. He bought:

3
1_

7
3

2161

pounds of ham

pounds of salami

pounds of bologna

7 +

Estimate:

3 4- 4 + 3

Estimate:

11 Tammy said it would take less than
5 hours to drive from Chicago to
St. Louis. She drove:

2 hours before lunch; and

3.41
hours after lunch.

Did she make the trip in less than

Does Bob have enough meat? 8 hours?

(YES or NO (YES Or NO)

Circle the better estimate;

12. 3 6 + 1
7 8

14. 6 k

over 6 under 6
13' 7 1;1

over 8 under 8 15. 3

9

over 12 under 12

over 4 under 4_

7-10-p.1



Estimate by rounding one Example:

number to a whole number.

16. Li

3

7

Estimate:

19- 14

Estimate:

9

10

17:

Name

1.4 J.14

Round 1 ;5- to 2

Estimate:

20: 8 _

Estimate:

Estimate. Use numbers that are easy to work with.

22.

25.

28.

16.8-3 + 28

Estimate:

23.

26.

29.

381 +

EstiMate:

÷ 19

49
7

- 18

Estimate:

18 + 517

Estimate:

82- 4- 39 ÷ 1

2 = 12

Estimate:

21;
5

13.e-

24.

Estimate.

1

8

Estimate:

3

27: 1884 + 285

Estimate: Estimate-

66 - 9 30: 128 9

Estimate: Estimate:

THINK
IT

-,THROUGH

SUBTRACT IN YOUR HEAD

4

r

6 6-j 6
2

7

5. 3 -=

98

Think: less than 7

3. 6 4--

1

7-10-p2



NSF ESTIMATION
GRADE 7 = LESSON 11

OBJECTIVES: To estimate products and quotients for mixed-number problems.

TEACHER BACKGROUND:

For multiplication and division estimation involving mixed numbers, the
primary strategy is to round both numbers as shown below:

MULTIPLICATION

11 3/4 X 8 1/3

12 x 8

DIVISION

6 2/3

7

47/9

ESTIMATE: 96 ESTIMATE:

A. 5 := 5= 1; so 7: 5 is a
little more than 1 (1+).

1 1/2 is also a good choice.

B. 7 i 5 = 7/5 and 7/5 = 1 215

The estimate is 1 2/5.

Rounding is acceptable for mixed number work with multiplication and divi-
sion; However; it is also important to make students aware of the variety
of techniques that are sometimes possible. This contributes to developing
mental flexibility; important in estimation; problem solving and all mathe-
matical thinking, While all students should be aware of these techniques,
only some students may feel comfortable with the alternative approaches.
The other approaches are:

1, Round One Factor (Multiplication)

In the example at the right, 11 3/4 is
rounded to 12 since it is easy to
compute 12 x 8 1/3 mentally.

The shortcut for multiplying a
mixed number by a whole number is
then used; The shortcut, illustrated
here; is based on -the distributive
property of multiplication over
addition; The estimate is a little
too high since 11 3/4 was rounded up;
The estimate can be written: 100-,

9:

11 3/4 X 8 /3

12 x q 1/3

12 x 8 = 96

1/3 of 12 =

ESTIMATE: 100



2. Use Compatible Numbers (Division)

Since 30 is a multiple of 6, 30 and
6 can be used to get an estimate of
5.

29 1/8

30

For 46 3/4 4 7 1/5; the student could
think: 48 8; ESTIMATE: 6

3; Compare the Quotient to 1

in the example; the divisor (3_144)_
is greater than the dividend (2 6/0
so the quotient is less than 1.

While this approach does not produce a
numerical estimate; it does help a
student know if an answer is reasonable.

2/5

2 3 1/4

ESTIMATE: Less than 1

TEACHING THE LESSON:

GET YOUR MIND IN GEAR

TR #1 stresses flexibility in estimation; There are several ways to a
proach the two grocery lists shown on the transparency.

$2;78 For the example at the left; one could begin by using
1;19 front-end estimation and then adjust up; The adjusting
.07 could be done by adding the dimes or grouping cents to

2.48 dollars;
;42

',;95 Another approach is to group the first two amounts -to-
$4.00- the next three amounts to $3.00 and round $3.95
to $4;00:

Let students share their approaches to the exercises.

ANSWERS: $10;00 - $11.00 $5.00 - $6;00

MULTIPLICATION ESTIMATION

TR #2: Develop the rounding strategy; Discuss why the estimate is less
than 48 miles (481. Since both factors are rounded up; 48 is tro
high (an overestimate); Do the TRY THESE exercises with students,
encouraging them to adjust their estimates when it is possible;

ANSWERS: 12 84 45-
42+ 90+ 6-

49+ - 56- 20+ - 22 24 - 25

TR #3: Introduce the rounding of one factor. Point out that they need to
multiply twice (12 x 8 and 1/3 of 12) and then add. Do additional
examples using the mental computation procedure (6 x 4 1/2; 9 x
5 1/3, 11_1/2 x 7). Point out that this is a good strategy when
the computation can easily be done mentally;

7-11-2
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As you 1se the TRY THESE exercises, it would be good to let stu-
dents estimate using both methods (rounding both factors and round-
ing one factor) ano comparing the two estimates.

ANSWERS: 42 29 95

DIVISION ESTIMATION

TR #4: Develop the two strategies at the top of the page and _discuss when
they might be useful; Then present and develop the rounding strat-
egy. Point out that students can choose how to estimate depending
on the example. Do the TRY THESE exercises orally; having students
try different strategies for each exercise;

ANSWERS: 5 - 6- 3+ 4- 4

2+ 2/3 6 -
USING THE EXERCISES:

The_exercises are astraightforward application of tne strategies presulted
in thelesson. Read each set of directir.sns with students before they start
to work.

ANSWERS:

1. 35- 2. 32 3. 6+ 4. 63

5. 48 6. 45- 7. 28 8. 18

9. 26 10. 22 11. 56 12. 12 1/2 13.

14. 84 (88-) 15. 66 (66+) 16. 96 - 100 17. 38 (38-)

18. greater than 1 19. less than 1

20. less than 1 21. greater than 1

22. 6- 7 23. 2 24. - 4

25. 2- 3 26. 5- 6 27. 1- 2

28. 81- sq. ft. 29. 90 - 9- sq. ft. 30. 75 81 sq. ft.

31. 30 - 33 sq. ft. 32. 110 - 120 sq. ft. 33. 57 30 sq. ft.

711=3

101



OUR MIND IN GEAR

ESTIMATE. TELL Y",'13 THINK.

BE FLEXIBLE. USE A WAY THAT is aldia AND

EiW(----T-0- DO tN YOUR HE MAKE SURE YOUR

ESTIMATE IS "IN THE BALLPARK."

2.78

1.19

.07

2.48

.42

3.95

$ .49

.10

.53

1.55

.57

2.30

7°11.-TR1
102



ESTIMATING PRODUCTS

Round both factors:

Multiply: 3 x 16 = 4 8

LESS THAN 48 MILES.

DIRK HAD A FLAT TIRE

AFTER MAKING 15i LAPS.

HOW MANY MILES HAD

HE RACED?

n 2 XC. dp

0

Try these!

e.4

6e 71i,

iX 2i
103

7x7 4x6-
7=i1=TR2



ROUND ONE FACTOR

TO ESTIMATE THE AREA
OF HIS BEDROOM, MICE

ROUNDED ME FACTOR
AND THEN MULTIPLIED.

Round clp: factor: 12 x 8 3

of

Work these out:

2x8

ABOUT I 0 0 SQUARE FEET

6

° 8: --'`.

24x15 6-kx 10 =

rry these!

104

3
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ESTIMATING QUOTIENTS

To estimate in division you can

Use compatible numbers

(IN icie.ci

t 0
more

1-hca bn one,
-t-

Compare the quotient
to one:

2

Round to wholes

Try these!

O O

fi 5

20 a

7-;11-TR4



Name

Estimate by rounding both factors. Write + 0, - to adjust the

estimate when you can.

.2. 8 X1. 4
56T

3. F 3 4- 916 6 1

7.
5

7

10

9

5 9_47 x $1©

MUltiply in your head. Find the exact answer.

EX: 54 x 8

9. 6 2 x 4 -f-

10 10 X2 t>

11. 9 3 x 6 -T- -r>
12- 5 X 2

13. 8 3 -1,f=

Estimate by rounding one factor;

14.

1

Estimate

17.

Estimate Estimate

Estimate



Circle your answer. Ex. DT L-14

18. 21
2

2

8

Name

LIT is greater than 3 -
2

so the quotient is less than

Greater than 1 19. 2 1 3 Greater than 1

Less than Less than 1

Greater than 1 21: 1 -.- Greater than 1

Less than 1 Less than 1

Estimate the quotient.

22.

25.

142 63

Estimate:

9

Estimate:

3

5

23: 7

Estimate:

26:
1 .

t-33,-T

<
Din i r.g

ROOM

Entry gay

3-atrrlcm

3edr:om

L:v,n1

Rrom

:2

iiot

Estimate:

O't

24.

27.

18

Estimate:

3-
5i0

r
01 1 9 4-:

Estimate:_ _

Estimate the area of each room.

28. Kitchen:

--31 29. Living Room:

30. Dining Room:

31: Bathroom:_ -

32: Bedroom #1:

33: Bedroom #2:

In,,

7-11-p.2



NSF ESTIMATION
GRADE 7 = LESSON 12

OBJECTIVE: To estimate sums and differences with decimals.

TEACHER BACKGROUND:

Estimation with decimals is developed for two cases: 1) estimation with
"smaller" numbers-(numbers between 0 and 10 or in the low tens) -and 2)
estimation with "larger" numbers (numbers with 2 or more digits); With
smaller_numbers;_the_decimal portion is important because of its effect-on
the estimate. With larger numbers; the decimal portion contributes little
and can be ignored.

The strategies employed were taught with whole numbers and are extended to
decimals. Students are encouraged to select a strategy that works well
for them;

Decimal estimation is useful in reducing
errors when working with different numbers
of decimal places; Students often line up
the right-hand digits; ignoring the place
value_of the digits;

3.8 ± .27 + 1.5

3.8
.2 7
1.5

"Smaller.Number" StratPgiPs

A. FRONT-END

0;2 4-2;8 + 9;7 t 7 15;3 - 7;8

1) 0 + 2 + 9 + 7 = 18 1) 15 - 7 -8

2) ;2 ;8 + ;7 is between 1 and 2 2) ;3 is less than ;8

3) ESTIMATE: 19+; 19;5etc; 3) ESTIMATE: -, 7.5, etc.

B; ROUNDING

0.2 + 2.8 + 9;7 7 15.3 - 7;8

1), 0 + 3 + 10 + 7 = 20 1) 15 8 = 7

2) ESTIMATE: 20 2) ESTIMATE:

"Larger Number" Strategies

Students are encouraged to choose numbers that are easy to use, including
compatible numbers and grouping of addends to nice numbers.

92;7 + 48;5 + 63.72 -1-4.27--t 6.83 + 34.6 + 7.2

1) 100 + 50 X60 1) 20 40

.2) ESTIMATE: 210 2) ESTIMATE: 6p

Encourage students to be flexible in the approach they choose.
n /_to_t





TEACHING THE LESSON:

GET YOUR MIND IN GEAR

O

In many instances it is important to adjust the estimate by changing the
estimate to get a closer estimate; This is the focus of TR #1. Iii_each

example a "ballpark" estimate is given. Students are to give an adjusted
estimate that is closer; Encourage a variety of ways of thinking by having
several students give adjusted estimates.

ANSWERS: $6.00+ ($6.60)

$8.00+ ($9.00)

DECIMAL ESTIMATION

$7.00+ ($8.00)

$4.50+ ($5.00)

TR #2: Develop the ROUNDING AND FRONT-END:approaches; Then have students
do the TRY THESE exercises using both approaches;

ANSWERS: 9.4 - 10 19 - 20

2 (2-) 18 - 18.5,

TR #3: Present the two strategies for larger numbers; Ask students if

there are other ways to estimate.

ADJUSTING ESTIMATES:

TR #4: Discuss -the 3 examples of adjusting. Remind students that while it
isn't always necessary to adjust an estimate, it is often
useful to do so_and they should have a sense of the relationship
between the estimate and the exact answer when possible.

HaVe StUdehtt db the TRY THESE_ exercises independently; Then dis-

cusS their estimates. You will likely get a range of estimates
for each problem.

ANSWERS: 650 = 660

760- 8C0

230 = 250

160 -170

48 = 50

290 - 310

180 - 200

100 - 110

USING THE EXERCISES:

Go over each set of directions with students before they start to work.
The THINK IT THROUGH exercises (bottom of page 2)_involve mixed operations
and are intended to challenge more capable students.

ANSWERS:

1. 10+ 11

4. 2.6 = 3==

2. 8 = 9 3. 20 - 21.5

5. 3 - 4-

1.0y
6; 13 = 14

12-2



7. 11.0 = 11.5 8. 19.0 19.3 9. 31 = 32

10. 21 = 22 11. 2.4 = 3 12. 3.5 = 4

13. 5 = 6 14. 1.5 = 2 15, 6 = 6.2

16. 10 = 11 17. 2 18. 7.5 = 9.0

19. 5.5 =. 7 20. 9.8 = 11 21. 54 = 00

22. 5 -

23. 120 - 124 24. 450 - 500 25. 264 - 280

26. 20 - 30 27. 40 28; 490 - 500

29. 285 - 290 30. 45 - 50 31. 700 - 740

32. 380 - 450 33. 800 - 850 34. 680 - 750

35. 100 - 120 36. 200 - 250 37. 180 - 200

38. 350 - 360

THINK IT THROUGH

1. 20 - 23 2; 150 - 200

3. 450 - 460 4; 30 - 31

110 7-12-3



OUR MIND IN GEAR
ADJUSTING

Goci t6c6 uSucz I tn

--ttk how 'their corn par.5
-1-o -the ctuct 1 ck rn o ervt. You Ca r)

ARE YOU A GOOD ADJUSTER? SEE IF

THREAD

$ 1.09 EACH

YOU CAN GET CLOSER WITH THESE.

BUY 2 YARDS OF REMNANTS AND 3

SPOOLS OF THREAD.

ESTIMATE: $-6 O 0

BUY 5 1 YARDS OF REMNANTS AND 1
8

SPOOL OF THREAD.

ESTIMATE : 0 0

BUY 4 1 YARDS OF REMNANTS AND 4

SPOOLS OF THREAD.

ESTIMATE: $ 8 0 0

BUY 1 1 YARDS OF REMNANTS AND 3

SPOOLS OF THREAD,

EST IMATE : $ 14 , 5 0

111

REMNANTS

$ 1.29 PER YARD

GETTING CLOSER

7- 1 2-TR 1



ESTIMATE WITH DECIMALS

There are many ways to estimate
when you add or subtract decimals.

Use Front-End.

22 KM AND 22.5 KM ARE

ALSO GOOD ESTIMATES.

2. Use Rounding.

ABOUT: 22 KM

TRY THESE:

16 8 7 4 3

JOGGING CHART

DAY DISTANCE

MONDAY

TUESDAY

WEDNESDAY

THURSDAY

3.3 KM

4.75 KM

8. KM

6.25 KM

TOTAL: KM

62 6 + 1 2 . 1 + 1 8 5

+ 2 45

7 -12-TR2

112



ESTIMATING WITH LARGER NUMBERS

3. Use numbers that are easy
to add or subtract in your head.

1 4 6 5 + 63 .75

160)
ESTIMATE: 310 LBS,

9 8 5 6 2 4 2 7 3

ESTIMATE: 575

1000 400 = G 0,
So Moo - 4a5 r5

4. Look for compatible numbers.

1 L4 2 7 83 6 7

bool- AbOOt HID

ABOUT 60 IN ALL.

6 . 2 9 + 34 7 + 4 5 5 + 15 0 2

ABOUT 60 IN ALL.

113
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ADJUSTING ESTIMATES

5. Adjust esdmates when you can

0.89 0 , 9 2

1

4

9

7 ,

ESTIMATE:

, 3 + 4 9

ESTIMATE:

3 7 2 1

ESTIMATE:

3

2-

2

24+

9

27

TRY THESE: ESTIMATE, ADJUST WHEN YOU CAN,

6 3 9 + 4,2

8 9 9 3 + 62, 3 + 1 4 2 8

3 7 6 52 181,

8 6 3 8 9 7 3

27 . 3 3 14;

8 + 7

( 2 8 9 1 14 3 8 ) = 94; 5

149.321 61 3 3 9 4 8 3 0 2 , 48

.114

EST I MATE

7-=12=TR4



ESTIMATE WITH SMALLER NUMBERS

Use the Front-End method for 1-6.

when you can._

1. 2 + 6.8 + 1.7

Front-End Sum:

Final Estimate:

4. 4.2 = 1.67

Front -End Difference:

Final Estimate:

NAME

Write + or - to adjust your estimate

2. 0.02 + 1.1 + 7.39

Front-End Sum:

Final Estimate:

3. 16.265 + 1.9 + 2.82

Front-End SUM:

Final Estimate:

5. 1" = 10.47 6. 19.65 = 6.1

Front-End Differnce: Front-End Difference:

Final Estimate: Final Estimate:

Estimate. Use Front-End or Rua- ding. Write

8.

10.

12.

14:

16:

17.

18:

19.

20;

+ or to adjust your estimate

6.08 + 4 + 9.2

0.9 + 6 + 4.73 + 10.074

13 - 9.263

4.684 - 3:04

20.63 - 9.904

Estimate the total growth
Of the bdyt.

when you can;

7. 3.408 + 7.82

9. 9.74 * 6 + 16.009

11. 4.6 - 2.13

13: - 2:69

15. 13:2 - 7:004

Growth in Height in 1 Year
cm

Barbara 2:6 cm

Bob 0.71 cm

Paul 1.26 cm

Judi 3:8 cm

Lynn 1.68 cm

Estimate the total growth
of the girls cm

Estimate the difference
in the total growth of
boys and girls. cm

Estimate the total growth
of all five students. cm

-/ARrA_LHAking__RacarAl Jessica belonged to a hiking club. She
kept a record of how far she hiked each

April 2 8.85 km Saturday in April.

April 9 12:25 km 21. About how many kilometers
April 16 10.9 km did she hike in April? km

April 23 9.65 kM 22: About how much farther did
April 30 14.4 km she hike on April 30th than

April 2nd? km

7-12-p:1
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ESTIMATE WITH LARGER NUMBERS

Change each number to a number that is easy to work with.
Then estimate the sum or difference:

Estimate:

25. 243:8 22 3;695

Estimate:

24. 936.32 - 445.6

Estimate:

26. 44.65 - 16.527

Estimate:

Pairs of compatible numbers have been marked for you.
Estimate each partial sum and then estimate the total.

27. 6:7 3.96

About

Estimate:

stimate.

21.4 8.5

About

28. 342:1

Estimate:

22.7 + 30.08 + 96.7

About

About

29. 269:4 + 0.0047 + 18:99 30. 24.2 + 16.2 + 5.7

31. 497.2 1.6 + 237.41 32., 264.3 + 14.86 + 35.2 + 85.31

33. 486.09 + 149.3 + 204 34: 8.97 + 214:6 + 41.34 + 462:7

35. 239.02 - 127.9 36. 437.06 = 198.35

37: 647.4 -.452.36 38. 371.84 - 12.93

Estimate

1 . (14.7 + 22.6) - 15.3

2 ; (392.1 + 5.003) - (129:3 + 122:8)

3 (423.51 = 2.006) + 37.78

4 . (84.1 + 0.U083 + 37.56) 4

116
7- 12 -a:2



NSF ESTIMATION
GRADE 7 - LESSON 13

ORJFPTIVF: To estimate products and quotients with decimals.

To estimate for multiplication and divison with decimals, students apply
strategies learned for whole numbers and fractions; The strategies that are
emphasized are:

1; Multiply or Divide 395 x 0.97
by 1; 10; 100 and 1000.

To use this strategy; students
need to be able to recognize
decimals cicse to 1. (0.97
is close to 1, while 0.097 is
not close to 1).

They also need to know how to
multiply and divide a number
by 10, 100, and 1000.

Both of these prerequisites
are reviewed in the lessoi.

2. Front-End

3. Rounding

4. Compatible Numbers

5. Compare the Quotient
to 1;

ESTIMATE: 395 x 1 = 395

3.7 x 1.49 ESTIMATE: 6 or 6-

Change to 4 x 1.5.
4 x 1 = 4 and
4 x 0.5 = 2.

61.48 x 7.3 ESTIMATE: 60 x 7 = 420

(Since both numbers were
rounded down, 420 is too
low. The estimate can
be written as 420+.)

0.297 x 0.41 ESTIMATE: 0.3 x 0.4
= 0.12

127.5 39.96 ESTIMATE: 12G :.- 40
3

3.5 f 5.21 ESTIMATE: Less Than 1

3.5 is less than 5.21.

117 7-13-1



TEACHING THE _LESSON:

GET YOUR MIND IN GEAR

TR #1 encourages students to beflexiblewhen estimating;_ The multiple
step problems and real world setting require students to select numbers
that can be handled easily and still produce a realistic estimate; Esti-
mates will vary from "in the ballpark" to quite close;

ANSWERS: 1; $2.50 - $3.20

3; $44.00 - $52.00

5; Answers will vary.

PREREQUISITE SKILLS

2. $1.00 - $1.60

4. $0.40 - $0.45

TR #2: Two prerequisite skills are reviewed. Develop each one with stu=
dents and do the TRY THESE exercises orally. For multiplying and

_dividing by powers of 10, give attention to examples where addi=
tional zeros must be Written.,

Examples: 61.3 x 1000 = 61,300.

4.5 11 100 = 0.045

ANSWERS: Set 1 1.062 0.897 0.9021

Set 2 1360 24.696 3700

MULTIPLICATION AND DIVISION ESTIMATION

TR #3: Present and discuss the various strategies. Remind students
TR #4: that they have used the strategies with whole numbers or

fractions. Point out that they need to be flexible when
estimating and take a few moments to decide what is a good
way to estimate for each probleT.

TR #3
ANSWERS: 2.4+

395

47.2-

90.84+

35.1-

4.762-

TR #4
ANSWERS: Set 1 24 - 28 0.27 = 0.32 1600

9= 10 4 5 20

Set 2 Greater Lett Greater

Greater Less Gpeatet.

118
7=13=2



USING THE EXERCISES:

Go over the set of directions with the students.
require the use of specific strategies.

ANSWERS:

Top: 0.92 1.038 0.894 0.9002

Some sets of exercises

1. 400 = 480 2. 8C0 3. 6 = 8-

4. 0.2 = 0.24 5. 0.2 = 0.5 6. 800 = 1000

7. 9 = 10 8. 80 = 90 9. 4 = 5

10. 5= 6 11. 7= 8 12. 7- 9

13. 4.67 14. 216 15. 41.628 (41.6)

16. 3.429+ (3.4) 17. 32,600-
_

18. 4.6374+ (4.6)

19. Less than 1 20. Greater than 1 21. Greater than 1

22. Less than 1 23. Less than 1 24. Greater than 1

25. 54.37 26. 0.30 27. 6.49

28_ 0.82 29. 0.88

30. can't tell 31. lower 32. higher

(or; lower)
33. lower

34; 254+ 35; 342- 36. 3600 =_3900
(3120+)

119
7-13=3



OUR MIND IN GEAR

MORE THAN ONE STEP

Ice Cream Shap-deE

CONES

SINGLE ..,. $ .59

DOUBLE $ .89

TRIPLE $1,05

1, BUY: 3 SINGLE CONES

1 PINT

COST: ABOUT ?

BUY: 2 DOUBLE CONES

1 SINGLE CONE

1 TRIPLE CONE

ABOUT HOW MUCH CHANGE

FROM $ 5.00?

3, SOLD.ON SATURDAY:

21 PINTS

12 QUARTS

ABOUT $ IN ALL?

BUY i GALLON FOR A PARTY,

MAKE 9 GIANT SUNDAES.

EACH ONE COSTS ABOUT $ 9

YOU ONLY HAVE $ 3.00.

WHAT CAN YOU GET?

120
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SOME IMPORTAN g DECIMAL SKILLS

Recognize decimals c ose to 1.
LOOK AT THE NUMBER OF MILK.

0.92

0,09

TRY THESE:

TELL WHICH DECIMALS

ARE CLOSE TO 1..

0 . 9 2 IS CLOSE 10 1,

. 0 9 IS NOT CLOSE TO

Multiply and divide by 10, 100, or 1000.

.78 X 100 =

3 7 6 . 2 10 ==.- 37; 62

TRY THESE:

1 3 6 X 1 0 0

8 4 2 . 1 0 0

THE ANSWER WILL BE GREATER THAN

4.78. MOVE THE DECIMAL POINT

TWO PLACES TO THE RIGHT.

THE ANSWER WILL BE LESS THAN

376.2. MOVE THE DECIMAL POINT

ONE PLACE 10 THE LEFT.

2 4 6 . 9 6 10 3.7 X 1 0 0 0

6 3 5 1 0 0 0 . 8 9 2 10

7-7,13"TR2

121



MULTIPLICATION AND DIVISION
ESTIMATION

1. Use 10, 100 ter 1000.
ROUNIJ ONE NUMBER, THEN MULTIPLY OR DIVTDE.

CAE,

32.8 X 9 7
STIMATE: 3 2

TRY THESE:

1 . 0 9 9 X 2

3 9 5 2 = 0.97

7 6 89,6 0,97
E 8 0-

9 0 8

ESTIMATE : 8 9. 6 OR 9 0

4:72 X 37 3 5 1 X 9 0 8

871 4 7 6 . 1 0 2

2. Use numbers that.are easy tei
compute in your head.

A. 3.7 X

B. 127.5

C. 0.297

1.49

± 39.36

X 0.41

x Ls
)vt tki and a h-cit-F. o+

Is a. 86, x y= a
Sad about 6 in att.

87

--rhcaks close \
tao 0.
R book.

11 use- x o.y.
TtrNe... answer i 5 cl s

O la.

122
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75) 4 d .6 4 . 9

TRY THESE:

3,46 X 7,9 89 X 0.32 39.8 X Li2 72

81, 359, ;86 6 4 7 -32

3. See if the quotient is greater or less than 1.

4)3.1

8 ± 7.2

TRY THESE:

TELL WHEMER THE QUOTIENT IS GREATER OR LESS THAN

, 3) 6 , 8 )1,7

5 3, 7

8, 9

123
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Circle the decimals that
are close to 1.

Name

0.399 0.92 0.099

1.038 0.894 0.9002

0.198 .089 0.083

Estimate; Use__umbers that are easy to multiply mentally._

cf:)
1. 4.3 x 119.2 2. 38.9 x 21.72

Estimate:Estimate:

4. 0.426 x 0.597

Estimate:

3. 3.91 x 1.68

Estimate:

5. 2.42 x 0.192 6. 4.296 x 243.5

Estimate: Estimate:

Estima te. Use numbers that are easy to divide mentally.

7. 28.9 4

8. 638.7 4

9; 246;41

10. 17.934

2._8_ Estimate:___

11.

12.

423.1

Estimate:7.92

4 52;7

4 3.29

Estimate: 57.5

27.5_

Estimate:

---

Estimate:Estimate:
3.623

Estimate. Change one number to

13. 4.67 4 0.982

Estimate:

16. 342.9 4 97.68

Estimate:

100 or 1000.

14. 9.148 x 21.6

Estimate:

17. 32.6 x 968.1

Estimate:

1: 2 4

15. 416.28 4 11.07

Estimate:

18. 4637.4
958.92

Estimate:

7-13-p.1



Name

Circle the examples where the quotient is greater_than 1.

21. 3.9 ; 2.78
19. 3.6/ 2.54 20. 4/ 5.13

22. 16.13 ; 20.4 23. 5.3 24. 3.14

5.892 0.8

Estimate to find the most sensible answer.

25. 3.17 x 17.15 5.44 54.37 543.66

26. 0.624 x 0.482 0.30 3.01 30.08

27. 3.009 x 2.156 6.49 64.87 648.74

28. 2.6 ; 3.17 0.82 8.2 82.02

29. 4.68 ; 5.3 0.88 8.83 88.3

Circle
If you

whether the estimate -is higher or lower than
cannot tell, circle "can't tell".

PROBLEM ESTIMATE THE ESTIMATAN

the exact

30. 3.17 x 17.5 3 x 20 = 60 higher lower

31. 42.3 x 413.6 40 x 400 = 16,000 higher lower

32. 68.2 x 1;98 70 x 2 = 140 higher lower

33. 10.096 X 37.4 10 x 37.4 = 374 higher lower

answer;

THE EXACT ANSWER

can't tell

can't tell

can't tell

can't tell

The following chart gives the density for some elements. Density is the number

of grams per cubit centimeter. Estimate the total mass of each element;

ELEMENT DENSITY VOLUME
(grams per cm )

TOTAL MASS
(density x volume)

34. Neon 1.21 g/cm3 254 cm3

35. Sodium 0.97 g/cm
3 342 cm3

36; Bromine 3.12 g/cm3 1265 cm
3

.

7-13-p.2
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NSF ESTIMATION
GRADE 7 - LESSON 14

OBJECTIVE: To estimate using 1 %, 10% and 100% of a number;

TEACHER BACKGROUND:

Three examples of estimating using 1%,
10% and 100% of a number are shown at
the right. This is a highly useful
estimation tool and strengthens under-
standing of finding a per cent of a
number.

To use this strategy students need
to understand the meaning of these
percents and be able to find 1 %, 10%
and 100% of a number mentally;

a.

b.

c.

100% is the Whole

10% is 1-tenth of the whole

So, to find 10% divide by 10.

1% is 1-hundredth of the whole

SO; to find 1%, divide by 100.

100% of $2518 = $2518-

97.8% of $251:

10% of $6.75 is about $0.68

1.2% of $525

To estimate, students must recognize that a number is close to 1%;10% and

100% and be able to do the appropriate computation mentally.

Two other ideas are also stressed in the lesson;

1. Adjusting: The adjusting is of two types. First; when fihding_10% of

$.65, the exact answer_ is $.065. However; it is often more useful_to
give the answer as $.06 or $.07. Thus as students estimate; have theM

give their estimates in round numbers;

126
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Secondi_students can adjust estimates by indicating whether they are
overestimates or underestimates. Thus, the estimate for 9.5% of $250
can be written as $25-.

2. Estimate 2% and 20% of a number.

Here, the basic thrust of the lesson
is extended. The student first
estimates 1% and then doubles it to
estimate 2%.

Students should be exposed to this
extension of the basic lesson, but
should not be required to master it
at this time;

TEACHING THE LESSON:

GET YOUR MIND IN GEAR

Estimate: 2.1% of 1450

1% is about 15

so; 2;1% is about 30

The emphasis on TR #1 is again sensible answers. Point out to students
that knowing if the amount charged is reasonable is one important use of
estimation skill. Have them select the sensible amount for each problem.

ANSWERS: $5

FIND 1%, 10% AND 100%

$2 $12 $12

TR #2: Develop the meaning of these per cents and the mental shortcuts for
computing them. Do the TRY THESE exercises orally;

ANSWERS: 450 86.9 3845

45 8.69 384.5

4.5 0.869 38.45

65 2.6 750

0.28 385 58.9

ESTIMATE AND ADJUST WITH 1%, 10%, 100%

TR #3: Develop the three situations involving 1%; 10%, and 100%. Give
attention tc the adjusting. Point cut that since they are estimat-
ing, it is more reasonable to give an estimate as $6.30, rather
than $6.29. They also can consider adjusting by increasing or de-
creasing the estimate.

TR #4: Students_are given practice in estimating using real world situa-
tions. Discuss the problems with students;

ANSWERS: $1400 = $1560 12,000 - 12,500

$.85 - $1.00 $850 - $1000

7-
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USING THE EXERCISES:

Page 1 contains the exercises that are basic to the lesson. Go over the
directions for exercises #9 - 16 with students; Page 2 works with esti-
mating 2% and 20%. These exercises can be done orally if you wish; The
THINK IT THROUGH exercises at the bottom of page 2 are intended to provide
an introduction to a useful estimation skill for more capable students;

ANSWERS:

1. 700, 70, 7

2. 400, 40, 4

3. 350, 35, 3.5

4. 670, 67, 6.7

5. 285, 28.5, 2.85

6. 162, 16.2, 1.62

7. 59, 5.9, .59

8. 34, 3.4, .34

9. $.55 10. $540 11. $.50 12. $8.50

13. $32.58 14. $.16 15. $6429 16. $.30

17. 61 12. 25 19. 1430 20. 5

21. 0.15 22. 345 - 350 23. 4 - 5 24. 33 -35

25. $.24 - $.26 26. $.38 - $.40 27. $.46 - $.50

28. $.14 - $.15

29. $7.60 - $8.00

30. $5.90 - $6.00

31. $42.00 - $44.00

32. $13.00 - $14.00

THINK IT THROUGH

1. $.60 - $.70 2. $1.20 - $1.50

3. $2.09 - $2.50 4. $6.00 - $7.00
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OUR MIND IN GEAR

Material

$1.89 PER YARD

RECOGNIZE SENSIBLE ANSWERS

Stuffing Lace

149 PER OUNCE

Circle the sensible amounts.

BUY 2 YARDS OF MATERIAL.

$ 2 $ 5 $ 9

BUY YARDS OF LACE.

$ 9 $ 1 4

BUY 24 OUNCES OF STUFFING.

$2.29 PER YARD

$ 0 8 0 $ 8 0 0 $12.00

BUY YARDS OF MATERIAl .

$ 6 $9 $12

7=14-TR1



FIND 1%, 10%, 100%

100% is the Whole Thing:

S0,100% OF 85.2 IS 85.

10% is 1-tenth of the whole:

10% OF 64 7 = 6

1% is 1- hundredth of the whole:

1% OF 64.7 = 0.647
TRY THESE:

100% OF 450 100% OF 86, .100% OF 3845
10% OF 450 10% OF 86. 10% OF 3845

1% OF 450 1% OF 86.9 1% OF 3845

10% OF 650 1% OF 260 100% OF 750

1% OF 28 100% OF 385 10% OF 589

7-14-TR2
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ESTIMATE AND ADJUST WITH
1%, 10%, 100%

.9% of $62_9]

[97.8% of 2518

11.5% of $6.70

2.1% of 14501

ESTIMATE: $ 6 . 29 OR

ADJUST: $ 6 3 0- OR

ESTIMATE : 2 5 1 8 OR

ADJUST: 2 5.0 0- OR

ESTIMATE:

ADJUST:

$ 6 30

$ 6 0 0

2 5 2 0

2 4 5 0

$ . 6 7 OR $ 7 0

$ TO+ OR , 7 5

ESTIMATE 2% and 20%

190 OF 14S0 $ 14. 50

cVles T u.) cE As mu c-H.

ESTIMATE :

[19.5% of $440

OF .PLP-10 iS yy
0 Q)c. tS Teo IcE AS (rwc1-1

ESTIMATE:

1

2 9 OR 3 0

$ 8 8 OR $ 8 8-

7-14-TR3



ESTIMATING REAL WORLD PROBLEMS

Teachers Get 9.4% PayRaise
THE AVERAGE PAY FOR THESE TEACHERS

IS $15,600. ABOUT HOW MUCH IS THE

AVERAGE RAISE?

Poll Says 97.6% Support the Mayor

THERE ARE 12,500 PEOPLE IN THE TOWN,

ABOUT HOW MANY SUPPORT THE MAYOR?

Food Prices Down 1.2% in June

AN AVERAGE FAMILY OF 4 SPENDS $85,,00

ON FOOD PER WEEK. ABOUT HOW MUCH WILL

EACH FAMILY SAVE PER WEEK?

Car Prides Rise 11.3% This Year

THE AVERAGE PRICE OF A CAR LAST YEAR.

WAS $8,500. ABOUT HOW MUCH IS THE

PRICE INCREASING?

7-14-TR4



Find 1%, 10% and 100% of each number.

100% 10% 1%

1. 700

2. 400

3. 350

4.
L

670

Name

100% 10% 1%

5. 285

6. 162

7. 59

8. 31'

Find 1%, 10% or 100% of each
Give the answer to the next
cent.

number.
higher Ex. 10% of $84.95: $8.50

9. 10% of $5.49 10. 100% of $540

11. 1% of $49.98 12. 1% of $849.30

13. 10% of $325.75 14. 1% of $15.50

15. 100% of $6429 16. 10', of $ 2.98

Choose the best estimate.

17. 9% of 670 a. 610 b. 61 c. 6;1

18. 11% of 2500 : a. 2500 b; 250 c. 25

19. 98.90 of 1450 a. 1430 b. 143 c. 14.3

20. 11% of 49 a. 50 b. 5 c. 0.5

21. 0.9% of 16.25 a; 15 b. 1.5 C. .15

Estimate;

22; There are 350 students in Hawthorne School
One day 99% of the students were present.
About how many students were at school?

23. 1.2% of the 350 students forgot to bring
their lunches. About how many students
was this?

24. On a snowy day, 9.7% of the 350 students
were absent. How many students were
absent?

133
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Use 1% to help you estimate.
Use nice nuMbers to work with.

SLOW-GO CAS

STATION

Pay cash and

save 2%

Use 10% to help you estimate.
Use nice numbers.

25:

27:

Name

Ex. 2% of $15.25
1% is about $.15

so 2% is about

11121.715 Ia91 .8[9

Estimate: Estimate:

28.

2131.412 $1 .3 7

t
Estimate: Estimate:

Ex. 20% of $23.75
10% is about

so 20% is about
$2.40
$4.80

29. Shoes: Were: $ 38.00

Save.

30; Sweaters: Were: $ 29;95

Save:

31; Suits: Were: $219.20

Save:

32; Dresses Were: $ 68.50

Save:

TOtal: $7.84

Estimate a 15% tip.

Bill
THINK

IT
10% of $7.84 is

THROUGH about $:80

5% of $7.84 is
half cf that.

so a 15% tip is
$.80 + $.40 or $1.20

1.

3.

4.

Breakfast

Lunch

Dinner

Dinner
Party

$ 4.32

$ 8.95

$14.85

$43:7F

134
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NSF ESTIMATION
GRADE 7 - LESSON 15

OBJECTIVE: To estimate the percent of a number for commonly used percents.

TEACHER_BACKGROUND:

This lesson builds on the previous one, /SALE
extending the work to 25 %. 33 1/3 % and $60 1 35% Off
50%. It involves changing percents to
equivalent or nearly equivalent fractions,
Students then use compatible numbers to
obtain an estimate.

At the conclusion of the lesson; stuJents
are introduced to estimatin5 the per cent
saved. For example; $5.off from an original
price of $21 is about 1/4 or 25%; This
work builds on the fraction work of Lesson
9; Estimating the percent should be viewed
as exploratory work only;

TEACKING_THE LESSON:

GET YOUR MIND IN GEAR

Haw-much will you save ?

-a- ; 35% is about 1

b. 1

3

3

$60 = $20

ESTIMATE: $20; or a
'little more since 35%
is more than 1/3;

TR #1 stresses flexibility in estimation thinking by showing a variety of
approaches that can be used; For each situation; three think'ng strategies
are displayed. Have students tell what the person did in each case; At

the bottom, students get additional experience in adjusting an estimate;

ESTIMATE THE PERCENT OF A NUMBER

TR #2: Review the basic equivalents at the top of TR #2; Then show how

they can be used to find the part. Do the TRY THESE exercises with
students.

ANSWERS: 20 15

22 5

24 40

100 220

9 12

TR #3: Here, the emphasis is on estimating; Develop.the two examples at
the top of TR #3. Point out that first, a roUgh fractional equiva-
lent is found for the percent. Then; the whole is changed to a
compatible number.

13t 7-15-1



06 the TRY THESE exercises with students.

ANSWERS: 1/5 1/3 1.

4 /10

$35 - $45 $12 = $13

19 = 22 65 = 70 11 - 13

57 = 60 25 = 30 13 = 15

TR #4: Here students do exploratory work with estimating the percent
sved. Discuss the two examples at the top, then do the TRY THESE
exercises together. Students should look for a familiar fraction
and then give the percent for that fraction.

ANSWERS: 10%

20%

33 1/3 %

33 1/3 %

USING THE EXERCISES:

The exercises cover the work of lessons 14 and 15. Do the first exercise
in each set with students; The THJNK IT THROUGH exercises should be re-
served for more capable students.

ANSWERS:

1. 2.346 2. 4.27 3. 84.2

4. 4.67 5. 46.82 6. 9.256

7. 9 8. 15 9. .125

10. 35 11. 20e 12. 105

13. 33 1/3 % 14. 10% 15. 50%

16. 1% 17. 25% of 160 18. 33 / % of 120

19. 25% of 48 20. 50% of 36 (40) 21. 10%
or 20% of 50

22. 73 - 78 23. 3.0 - 3.3 24. 22 - 24

25. 10 - 12 26. 10 - 12 27. 2.6 - 3.0

28. 5 - 6 29. 45 - 50 30. 60 - 65

31. 0.6 - 0.7 32. 24 - 25 33. 370 - 400

34. $210 - $220 35. $.28 = $.30 36. $7.90 - $8.00

37. $8 - $9 38. $.35 - $.50 39. $24 - $27

40, $2.40 - $2.50 41. $.55 - $.60 42. $12 - $13

THINK IT THROUGH $12.00

hh
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YOUR MIND IN GE.P...71

'here are many ways to estimate.
"ell-how each person estimated..

ABOUT HOW MUCH WILL

48 PENCILS COST?

00""
ABr-T HOW MUCH WILL 42

PROTRACTORS COST?

.95 3.00

8 0 x = 3aoo
©, $3Z.0o

IF 40 PROTRACTORS COST AMU': $39.00,

ABOUT HOW MUCH WILL COST?

30.00

7,;i5-TR1



USE -RACTIONS TO FIND A PART.

25%=

33-s% 20(=1 1

TO ESTIMATE THE SAVINGS ON THE COAT:

50`g

*Think

CC

Try these!

4.Z of $)o
DT /20

5440 off

25% OF 80

33 3% OF 66

50% OF 48

33 % OF 300

50% OF

25% OF 24

25% or 160

50% OF 440

OF 36 33 A% OF 36

138
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ESTIMATE THE PART

Use a "nice" fraction for the percent,
then estimate the part.

TELL HOW THEY ESTIMiTED.

24% of 62
ESTIMATE: 15

TRY THESE:

TELL THE FRACTION YOU SHOULD USE.

1 9 %

ESTIMATE,

3 4 % 2 6 %

36% of 129

t'-
3 1% OF 6 5

48 %oF119

0 _0

49% of 89

ESTIMATE! 4 5

1 2 % 14 7 %

24 OF 51

54% of 1 33

19 %b/- 14 8*

139

27 % 45

23.4% oF' 61.3
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WHAT PERCENT DO YOU SAVE?

WAS: $ 1 1 9

NOW: $40 OFF

.SAVED:

TRY THESE:

WAS: $ 1 9

NOW: $ 2 OFF

SAVED:

WAS: $ 2 1

NOW: $ 5 OFF

% SAVED:

WAS: $ 4 98

NOW SAVE $ 9 5

% SAVED:

4t 7 8

NdV1 t 2 4 OF'

% SPIED t

140

WAS: $ 59.95
NOW SAVE $ 19.95

SAVED:

Z
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NAME

Compute

1.

-:he exact answer in your head.

2. 1% of 427 =Of 234.6 .

3 10-, of 46.7 = 5; 1% of 4682

25% of 36 = 8. 33;1=% Of 4

10: 50", a 70 = 11. 331% of 600
3'

=

=

3: 10% o f 342 =

6. 10% of 92.56 =

50` of. 250 =

12. 25% of 420 =

ReWrite each example by changing the percents and/or numbers to ones easy to

compute mentally.

13. 34.7% of 60

of 60

16: Pa-% of 27

of c7

14: 9:5% of 120

of 120

15. 483-'2% of 250

of 250

17 26.7% of 158.92 18: 31% of 118.6

of

3-
1 22--4 % of 47.6 20: 52;50 of 37 21. 11.5% of 134.62

of of of 134.62

Chan; one or both nuMbers in your head to estimate each problem:

22. ,33 of 147.3

Ettimate:

23. 0Y92% of 326:4

Estimate:

24.

25. 11% of 106:2 26: 22.9% o Of 49 i 27.

Estimate: Estimate:

28; 32T!, bf 16.3 29. 1.1% of 4560 30.

Estimate: Estimatel__

3 . of 67 i2 33% of 72.8 33.

35% Of 6519

Estimate:

9.86' of 27

Estimate:

_

27;3% of 237.5

Estimate:

47.6" of 769

Estimate: Estimate: Estimate:

141
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COUPON CORNER

Estimate the savings n each item.

34. SNOW BLOWER.

Reg. Price: 5645.89

35% OFF!

Estimate:

:1/-ti< GOLD NECKLACE

rc-

(

Reg' Price: $25.89

3* OFF!

Estimate:

40. FOLDING CHAIR

Reg. Price: $24.86

10% OFF!

Estimate:

35-NOTEBOOK PAPER

Reg. Price: $2.89

10% OFF !

Estimate-

36. BASKET 'BALL

Reg. PriCe: 515.95

50% OFF!

Estimate:

38. FELT TIP PEN

Reg. Price: $1.49

25% OFF!

Estimate:

41. COFFEE MUG
J 5.7

Reg. Price: $2.39

25% OFF!

Estimate.

39. ALUMINUM

COOKWARE 3E7

Rel. Prite: 579.99

30% OFF!

Estimate:

42. MEN 'S SWEATER

Estimate:

When you save 255 on an item;

you pay the remaining 75T..

Here is an example of estimating

how much you SAVE and PAY!

E/ample: COAT $ 0 25% OFF

Save
4
1 of 90:Z S22

3
T of 90 ti $66

BLOUSE: $36.95 Save
3

3
Save- Of $36.95

Pay: 1 of $36.95 :7::

SOFA:. $789 Save

Save: 41= Of $739

Pay: 1 of $789 ":"::
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